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1. Introduction

A very important problem is the reduction of fuel con-
sumption and exhaust emission. This is the object of con-
sideration in many works, including the following pa-
pers (Ahn et al. 2002; Bastani et al. 2012; Jakimavičius, 
Burinskienė 2014; Mickūnaitis et al. 2007; Oprešnik et al. 
2011; Várhelyi 2002). The present work is also linked to 
the problems of fuel consumption reduction. This paper 
proposes an approach that relies on a suitable forming of 
vertical curves geometry.

The vertical alignment is composed of a series of 
straight-line gradients connected by curves, normally qu-
adratic parabola in form. However, in certain circumstan-
ces this procedure proves to be not the most appropriate. 
This is because when using conventional geometrical ele-
ments including straight line and parabola it is harder to 
obtain optimal gradient adjustment to the vertical layout 
of the land (Fulczik 1975). As a result of this, there are 
suggestions and suitable solutions for grade line develo-
pment using polynomial spline functions, making it easier 
to adjust its run to predetermined fixed points and it is 
particularly useful during the reconstruction of old routes 
(Fulczik 1975, 1977a, 1977b). 

According to the author of this paper, a change in the 
principles used in vertical alignment is also justified in the 
case of conventional design methods. This is due to econo-
mic criteria connected with fuel consumption reduction. 

The gradient is one of the factors affecting the incre-
ase in fuel consumption. Fuel consumption reduction is 
possible by means of reducing gradients, which means 
either the necessity to extend the distance between spe-
cified points, or (for a fixed route run in a general layout) 
departure from the recommended grade line adjustment 
to the vertical layout of the land. In the latter case, a pos-
sible direct consequence of this procedure would be the 
increased scale of necessary earthworks, the need to build 
tunnels or flyovers, which would increase the route cons-
truction costs. However, the issues related to environmen-
tal protection are equally important. It is possible that in 
the long run a suitable economic calculation indicates the 
predominance of advantages resulting from reduced fuel 
consumption, exhaust gas emission, etc.

A lower average a lower average ascending rou-
te gradient is possible by using a grade line formed by 
two transition curves (an equivalent of bi-clothoid) ins-
tead of two straight lines with circular arc. Therefore, 
in the case of vertical arcs formed by transition curves 
one is expect the corresponding reduction of fuel con-
sumed by vehicles in ascending routes. A review of the 
world and Polish scientific achievements in this area 
has brought to light the fact that this issue has not been 
discussed in literature, which has inclined the author to 
address the matter. This will be the subject of discussion 
in this work. 
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2. The concept of vertical alignment from the point      
of view of a fuel consumption reduction 

As previously mentioned, fuel consumption for moving ve-
hicles depends, among other things, on the road gradients. 
Therefore, fuel consumption reduction is achievable by 
means of changing the approach to the vertical alignment. 
Generally speaking, this would involve reducing the mean 
values of gradients in ascending routes − that is in sections 
where fuel consumption rises significantly. Excluding the 
possibility of applying lower inclination values along straight 
sections in the grade line design process, a changed approach 
is analysed to the rounding of changes in grade line designed 
in the form of a series of straight-line gradients. 

It is proposed that the rounding of crest or sag (Fig. 1) 
changes of gradient be carried out using vertex transition 
curves (variant B) instead of the conventional solution em-
ploying 2nd degree parabolic curves (variant A). For the 
same value of the minimum curvature radius R, the grade 
line section defined by points PP’S’K’K in the conventional 
approach (variant A) would be replaced with the PSK sec-
tion in the proposed approach (variant B). 

Compared to the circular arc with the specified val-
ue of curvature radius R or the square parabola arc with 
the minimum curvature radius R, transition curves are 
characterised by the following − for the identical change 
of gradient between the beginning and the end of the arc, 
the transition to the same value of the curvature radius R 
takes place along the greater curve length. As a result of 
this, the average value of the gradient of the tangent to the 
curve also decreases (the gradient is calculated relative to 
the tangent in arc starting point).

If one compares the above grade line sections in both 
variants, the mean grade line inclination for the ascending 
or descending route in variant B is unquestionably smaller 
than in the conventional variant A. As a result of this, it 
is expected a corresponding reduction in fuel consump-
tion for moving vehicles, while the extent of this reduction 
would be certainly dependent on the type of vehicle. It is 
only a geometric concept of reducing fuel consumption. 
The real reduction will depend on many factors, such as 
travel-related factors: driver behavior, roadway character-
istics, traffic volumes and its composition, pavement type, 
etc. The limited volume of the paper does not allow for ana-
lysis of these aspects.

3. Analysed transition curves

The scope of the research covered curves, which deserve 
attention due to their original geometrical characteristics, 

allowing a multitude of practical applications owing to the 
freedom in forming their geometry. Their usefulness also 
results from the relative simplicity of their mathematical 
description, which is convenient from the point of view of 
designing a road route grade line. These are the curves de-
scribed by the polynomial function y = f(x) (Kobryń 2002, 
2009, 2011b, 2014).

Among many different transition curve solutions de-
scribed by the function y = f(x) those curve families will 
be examined, which give many possibilities as regards 
the forming curvature and geometrical shape of curves 
(Kobryń 2002). It is important from the point of view of 
optimising solutions used in design practice. Among these 
curves are: 

 − parabolic transition curves (Kobryń 2002) 

 , (1)

where , x∈ < 0; xK >, n ≥ 2, while xK − end point 

abscissa; 
 − polynomial transition curves with a smooth curva-
ture diagram (Kobryń 2002, 2011b) 

, (2)

where , x∈  <  0; xK  > (Fig.  2), while xK indicates 

abscissa of the end point K of the curve, which is matched 

by the maximum curvature of − ;  uP − a tangent turn 

angle at the starting point P. Parameter C is described by 
the following relation: 

 , (3)

while C is the value from the interval C∈ <(4/10); (6/10)>; 
 − polynomial transition curves with non-smooth 
curvature diagram (Kobryń 2002, 2011b) 

 , (4)

In the case of curves (10), parameter C is the value 
from the interval C∈ <(1/3); (2/3)>. 

 − polynomial transition curves with a horizontal 
main tangent and non-smooth curvature diagram 
(Kobryń 2002, 2009)

Fig. 1. Two types of vertical arcs: parabolic (P’S’K’) and formed by transition curves (PSK) (Kobryń 2011a)
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 , (5)

where , x∈ < 0; xK > (Fig. 3). According to the work  

(Kobryń 2002), parameter D is defined by the following 
dependence: 

 , (6)

and is the value from the interval D∈ < 1/3; 2/3 >. 
 − general polynomial transition curves with smooth 
curvature diagram (Grabowski 1984; Kobryń 2011)

 , (7)

where: , 
,

while , x∈ <  0,  xK > and according to Fig.  4: 

xK − abscissa of the end point K; uP and uK − turn angles of 
the tangent to the curve − respectively at the starting point 
P and end point K. The following inequality is the basic 
design condition for curves (7), which guarantees the ex-
istence of only one curvature maximum and function (7) 
concavity in (0; xK) range: 

 . (8)

This makes it possible to design asymmetric curvi-
linear transitions, in which the position of the point cor-
responding to the curvature maximum is changed within 
abscissa x range from 0.4 xK to 0.6 xK. 

 − general polynomial transition curves with a non-
smooth curvature diagram (Grabowski 1984; 
Kobryń 2011)

 , (9)

where ,  and

, x∈ < 0; xK >. Function (9) has only one curvature

maximum and is concave in (0; xK) range, provided that 
the following condition is met: 

 , (10)

as a result of which the point with the maximum curvature 
value changes the position within abscissa x range from   

 to 
 

. 

Using vertex transition curves instead of the conven-
tional rounding of grade line bends with the help of circu-
lar or 2nd degree parabolic arcs would require the appro-
priate increase in the length of tangents to arcs − that is 
also the distance between the starting and end point of the 
arc. Adequate tangent extensions, specified for different 
values of change in a tangent inclination between the star-
ting and end point of the curve, are compared in Table 1 
(according to Kobryń (1999)).

Fig. 2. Transition curves with sloping main tangent in Cartesian 
coordinate system (Kobryń 2002)

Fig. 3. Transition curves with horizontal main tangent  
in Cartesian coordinate system (Kobryń 2002)

Fig. 4. General transition curves in Cartesian coordinate system 
(Kobryń 2002)

Table 1. Necessary extensions of individual tangents with 
reference to circular arc tangent 

Curve
Change in tangent inclination between arc 

beginning and centre
4% 8% 12%

(2) 2.000 1.999 1.997
(1) n = 3 1.996 1.985 1.967
(2) C = 0.4

C = 0.5
C = 0.6

2.502
2.002
1.668

2.508
2.006
1.672

2.518
2.014
1.679

(4) C = 1/3
C = 1/2
C = 2/3

3.002
2.002
1.501

3.010
2.006
1.505

3.022
2.014
1.511

(7) 1.876 1.881 1.888
(8) 1.501 1.505 1.511
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It is worth adding here that, for traffic safety reasons, 
both in the conventional and the proposed approach it is 
very important to keep required sight distances. The work 
(Kobryń 1999) describes research on the sight distances on 
vertical curves created by the transition curves. These di-
stances were calculated in accordance with Fig. 5 and Fig. 6. 
According to these research, in the proposed approach to the 
vertical curve design, applying radius values recommended 
in the conventional approach is enough. Suitable values il-
lustrating this are specified in Tables 2 and 3 (Kobryń 1999).  

The above curves (described by (1), (2), (4) (7) and 
(9)) are analyzed in the proposed approach to reduce fuel 
consumption.

4. The impact of longitudinal gradient on fuel 
consumption in the light of norms and regulations 

In various norms and codes of practice there are no up-
to-date source materials which would constitute a start-
ing point for the analyses aimed at determining the rela-
tion between fuel consumption and the longitudinal road 
gradient, and as a result − geometrical grade line shape. 

Fig. 5. Sight distance on sag curves

Fig. 6. Sight distance on crest curves

Table 2. Minimum sight distances, m, in symmetric sag arcs characterised by variable curvature for selected radii R, m

Gradient in vertical curve central 
point (relative to initial gradient)

Curve
Minimum curvature radius

R = 10 000 m R = 5000 m R = 1000 m R = 500 m
Circular arc 154.9 109.5 49.0 34.6

10%

(1) n = 3 156.1 110.7 50.2 35.9
(2) C = 1/2 155.0 109.7 49.2 35.0
(4) C = 1/2 156.1 110.8 50.3 36.0
(7) 155.0 109.6 49.2 34.9
(9) 155.0 109.6 49.2 34.9

4%

(1) n = 3 158.0 112.7 52.5 38.4
(2) C = 1/2 155.4 110.2 50.5 36.8
(4) C = 1/2 158.0 112.7 52.5 38.4
(7) 155.3 110.1 50.2 36.5
(9) 155.2 110.0 50.0 36.2

Table 3. Minimum sight distances, m in symmetric crest arcs characterised by variable curvature for selected radii R, m

Gradient in vertical curve central 
point (relative to initial gradient)

Curve
Minimum curvature radius

R = 10 000 m R = 5000 m R = 1000 m R = 500 m
Circular arc 387.8 210.2 59.9 37.5

10%

(1) n = 3 401.5 217.8 62.6 39.4
(2) C = 1/2 389.9 211.5 60.5 38.0
(4) C = 1/2 402.1 218.2 62.7 39.5
(7) 389.5 211.2 60.4 37.9
(9) 389.1 211.0 60.3 37.8

4%

(1) n = 3 428.7 233.1 68.2 43.9
(2) C = 1/2 401.4 218.4 63.9 41.2
(4) C = 1/2 429.0 233.3 68.3 43.9
(7) 399.0 217.0 63.4 40.8
(9) 396.5 215.5 62.6 40.1

Moreover, in some cases fuel consumption standards for 
automotive vehicles contain rather general statements. 
For example, in Poland for 5% grade line inclination an 
increase of 60% in fuel consumption for trucks and on av-
erage 40% for other automotive vehicles is assumed. This 
problem has been dealt with in applicable regulations is-
sued over the last decades. For example, in Germany these 
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guidelines are RAS/RAS-W:1986 Richtlinien für Anlage 
von Straßen. Teil: Wirtschaftlichkeits-untersuchungen and 
Aktualisierung RAS-W 86:1997 Empfehlung für Wirtschaft-
lichkeitsuntersuchungen an Straßen). Because of this, the 
researchers have used German guidelines Aktualisierung 
RAS-W 86:1997, representing a complex approach to fuel 
consumption issues and, connected with this, the impact 
of emitted exhaust gas on the natural environment.

These guidelines provide for the division of road ve-
hicles into the following groups: SB − cars with petrol engi-
nes, SD − cars with diesel engines, CN − trucks: 2.8−3.5 t, 
CS − trucks >3.5 t, special purpose vehicles and agricultural 
vehicles, CZ − trucks with semi-trailers/trailers, BR − tou-
ring buses, BL − regular service buses.

For each of these vehicle groups it is possible to esti-
mate the total fuel consumption by vehicles moving along 
a specific road section with reference to the chosen refe-
rence year. The reference year shall be understood in such 
a way that appropriate numerical values relating to it are 
determined using output data specified for the base year 
1990 and attributed reduction coefficients (WR). Total fuel 
consumption in a selected vehicle group (GP) in a chosen 
ith road section and chosen direction E (omitting devia-
tions from normal consumption in the case of not warmed 
up engines) is defined as: 

 

,  (11)

where j − number of period with relatively equal run char-
acteristics; T − duration of period with relatively equal run 
characteristics; GP − examined vehicle group; Di − length, 
m of ith road section; TD − road type; mi,E − longitudi-
nal gradient of ith road section towards E; J − reference 
year; Ni,E,j,GP − traffic volume of vehicles in a given GP
group in ith road section towards E and in the period t 
with relatively equal run characteristics; vGP,TD(Ni,E,j,GP) − 
speed, km/h (operating speed) in the GP vehicle group in 
ith road section towards E depending on traffic volume 
Ni,E,j,GP and road type; ZPGP(v,m,J) − fuel consumption 
index for warmed up engines in the GP vehicle group.

Fuel consumption indexes ZPGP(v,m,J) consist of 
three components: WZGP(v) − fuel consumption index 
referring to warmed up engine depending on driving 
speed v; WZGP(v,m) − correction coefficient on account of 
road longitudinal gradient m; WZGP(J) − reduction coef-
ficient on account of technological progress in successive 
reference years.

Assuming a run with a warmed up engine, the fuel 
consumption index depends on driving speed v, and for 
v > 20 km/h it is defined by the following regression function: 

 , (12)

where parameters c0, c1 and c2 refer to year 1990 and are 
specified in Table 4.

The impact of the longitudinal gradient m on the fuel 
consumption index for cars (groups SB and SD) within a 
normal driving speed range is determined using the cor-
rection coefficient WKS(v,m), which guarantees obtain-
ing an index value equal to unity for longitudinal gradient 
m = 0, that is condition WKGP(v,m = 0) = 1 is met, and has 
the following form:

. (13)

Whereas, the following formula is applied for all ot-
her vehicle groups: 

 . (14)

Values of coefficients c0, c1, c2 and c3 are specified in 
Table 5.

If future potential is taken into account as regards 
reduction in fuel consumption due to technological pro-
gress, which is determined by reduction coefficients WR 
(defining reduction in fuel consumption compared to base 
year 1990 and allowing the estimation of appropriate va-
lues with reference to years 1995, 2000, 2005 and 2010), 
then resultant fuel consumption indexes are obtained re-
ferring to these years. In the case of cars, resultant values 
of fuel consumption indexes are determined using the fol-
lowing formula: 

Table 4. Parameters of speed-dependent fuel consumption 
indexes (WZ) for different vehicle groups

Vehicle 
group c0 c1 c2

SB 17.7766 0.0023606 1461.87
SD 18.9647 0.0020625 1139.17
CN 37.7695 0.0054534 1582.97
CS 31.7385 0.0151013 4048.32
CZ 139.5313 0.0111448 3984.71
 BR 95.2499 0.0083955 4927.30
BL 147.4672 0 4220.44

Table 5. Correction coefficients (WK) on account                       
of longitudinal gradient for different vehicle groups

Vehicle 
group v0 c0 c1 c2 c3 

SB 110.0 2262.0 6.52 69.89 2.485
SD 110.0 2262.0 6.52 69.89 2.485
CN 0.1055 0.0720 0.00571
CS 0.1328 0.0650 0.00954
CZ 0.2047 0.0456 0.00997
 BR 0.1409 0.1027 0.01177
BL 0.1211 0.0012 0.00567
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 . (15)

In the case of all other vehicle groups, values of fuel 
consumption indexes are determined as: 

 . (16)

Studies on total fuel consumption in specific road 
sections defined using (11) and in a certain situation de-
pendent on consumption indexes given using (15) and 
(16) require separate consideration, taking into account 
additional route parameters, occurring in (11). They cons-
titute the correct subject of economic analyses intended to 
select the optimal variant of a designed route. 

However, total fuel consumption is a secondary ele-
ment in relation to e.g. the geometry of route longitudinal 
profile. Therefore, in their studies the researchers restric-
ted themselves to seeking those vertical arcs in the form of 
transition curves which would allow the fuel consumption 
of vehicles to be reduced. The completed analyses focused 
on comparing the average fuel consumption indexes in 
vertical arcs corresponding to each other and formed by 

transition curves (for indexes relating to individual vehicle 
groups). Fuel consumption indexes ZPGP(v,m,J) determi-
ned according to (15) and (16) were used for that purpose. 
It was assumed that arcs of transition curves corresponding 
to each other mean arcs characterised by the same values of 
minimum curvature radius and changes in the inclination 
of curves between the starting and end point. 

5. Fuel consumption in vertical arcs formed by selected 
curves  

Fuel consumption indexes in individual vehicle groups 
were determined taking into account the appropriate re-
duction coefficients due to technological progress. Transi-
tion curves forming vertical arcs in variant B require the 
use of longer tangents than conventional elements. There-
fore, for the purposes of computing suitable fuel con-
sumption indexes in variant A − according to Fig. 1 − the 
researchers assumed the same position of the beginning 
and the end of the compared grade line section, as in vari-
ant B. 

All computations, the results of which are shown 
in Figs 7−13, have been carried out numerically. Indexes 

Fig. 7. Fuel consumption reduction in variant B, %, in vehicle 
group (SB)

Fig. 8. Fuel consumption reduction in variant B, %, in vehicle 
group (SD)

Fig. 9. Fuel consumption reduction in variant B, %, in vehicle 
group (CN)

Fig. 10. Fuel consumption reduction in variant B, %, in vehicle 
group (CS)
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specified in these tables are average values for the symme-
trical vertical curve, derived from partial values obtained 
along the whole vertical arc with a step equal to 0.001 of 
the length of the arc. 

Preliminary verification of the chosen computation 
method have proven that the values of fuel consumption 
indexes are not dependent on the minimum curvature 
radius in the top of the arc (this radius is to be equal to 
the radius of an appropriate circular arc). Average fuel 
consumption indexes in an ascending route proved to be 
significantly higher than along a grade line descent. Mo-
reover, it has turned out that in a grade line ascent within 
rest curves and sag curves the values of average fuel con-
sumption indexes are equal. The same is also applicable 
to grade line descents in a crest and sag curve. Therefore, 
these two arc types have not been distinguished in further 
analyses.

In order to be able to obtain reliable results for spe-
cific road sections, the detailed computations taking into 
account traffic stream and type structure of vehicles in a 
given route are to be carried out. Of course, this traffic cha-
racteristic would be different for each road, and thus the 
results obtained would characterise only a given route. It 
would also be difficult to relate them to any other route. 
Therefore, as the purpose of computations described in 
this paper the researchers have chosen to determine in-
dexes of general character, which would give a view about 
the possible reductions in fuel consumption indexes for 
individual representative vehicles in the case of the chosen 
geometry of vertical arcs.

Figs 7−13 show possible reductions of the fuel con-
sumption (given in percent) in variant B compared to cor-
responding indexes in variant A. They refer to individual 
automotive vehicle groups distinguished by German gui-
delines. The computations concern different values of in-
clination change between the beginning and the top of the 
arc and various traffic speeds. 

The comparisons which have been quoted, allow to 
state that, depending on the speed and gradient change, a 
possible reduction in fuel consumption reaches different 
values and generally increases with growing speed and 
gradient change in all vehicle groups (apart from regular 
service buses).

As seen, the reduction of fuel consumption indexes 
given as a percent is highest in the group of touring buses 
(BR) and in both car groups (SB and SD). For example, 
for an inclination change of 0.08 it reaches even 7−9%. 
The absolute value of the possible reduction in appropria-
te fuel consumption indexes is significantly higher in BR 
group. 

This is because, depending on the driving speed, the 
reduction scale proves to be 4 to 6 times higher compared 
to cars, which are a direct outcome of the fact that the va-
lues of fuel consumption indexes in buses group (BR) are 
5−6 times higher than in SB and SD groups. As a result of 
this, if for example data corresponding to the inclination 
change of 0.08 is taken into account. The above considera-
tion indicates that the absolute reduction value for the fuel 
consumption index in group BR is no less than one third 
of the fuel consumption index value for cars.

Fig. 11. Fuel consumption reduction in variant B, % in vehicle 
group (CZ)

Fig. 12. Fuel consumption reduction in variant B, % in vehicle 
group (BR)

Fig. 13. Fuel consumption reduction in variant B, %, in vehicle 
group (BL)
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Table 6 presents a summary of the above results. It 
contains the average values of fuel consumption indexes 
in variant A, determined on the basis of individual values 
applied to successive curves. They are complemented with 
the average reduction values given in absolute numbers 
and the average reduction in values of these indexes given 
as a percent, obtainable in variant B.

Moreover, the figures show that percentage reduc-
tions of fuel consumption indexes in individual groups of 
trucks are slightly lower than in the case of cars. However, 
due to considerably higher values of fuel consumption in-
dexes (Fig. 14) the scale of possible benefits (especially in 
truck group CZ) is also significant. 

Another interesting issue is: which of the considered 
curves guarantees the lowest values of fuel consumption 
indexes in variant B, and their greatest reduction com-
pared to variant A. An analysis of Figs 7−13 allows it to be 
stated that, in this regard, the most advantageous are: 

 − polynomial transition curves (5) with a horizontal 
main tangent and non-smooth curvature diagram 

for ;

 − polynomial transition curves (4) with a non-smooth 

curvature diagram for ;

 − general polynomial transition curves (7) and (9).
The following curves are slightly worse: 

 − parabolic transition curves (1) for n = 3;
 − polynomial transition curves (4) and (5) with a  

non-smooth curvature diagram for  and 

;

Fig. 14. Fuel consumption indexes calculated on the basis of (11)

Table 6. Average values of fuel consumption indexes in variant A and average values of reduction obtainable in variant B

Vehicle 
group

Straight-line 
gradient, %

v = 60 km/h v = 100 km/h

A B−A ,% A B−A , %

SB
4 50.7 −1.0 2.0 58.9 −1.6 2.7
8 77.1 −5.7 7.4 102.5 −9.6 9.4

SD
4 44.9 −0.9 2.0 53.0 −1.4 2.7
8 68.3 −5.0 7.4 91.9 −8.6 9.4

CN
4 89.0 −1.7 1.9 114.8 −2.2 1.9
8 122.6 −7.2 5.4 158.2 −8.5 5.4

CS
4 171.9 −3.8 2.2 249.8 −5.5 2.2
8 234.4 −11.0 4.7 340.7 −16.0 4.7

CZ
4 304.0 −10.0 3.3 359.3 −11.9 3.3
8 425.3 −16.6 3.9 502.6 −19.6 3.9

BR
4 249.0 −7.7 3.1 274.0 −8.5 3.1
8 409.0 −32.3 7.9 450.2 −35.6 7.9

BL
4 221.1 −1.8 0.8 192.5 −1.5 0.8
8 239.0 −1.7 0.7 208.1 −1.4 0.7

 − polynomial transition curves (2) with a smooth 
curvature diagram for C = 0.6.

Whereas, the least advantageous are polynomial tran-
sition curves (2), (4) and (5) (both with a smooth and non-
smooth curvature diagram) for the minimum values of pa-
rameters C or D taken from acceptable intervals.

6. Conclusions

1. Due to the importance attributed to the issues concern-
ing fuel reduction consumption, the results of the com-
pleted studies indicate the legitimacy of a change in the 
current approach to the geometrical formation of a route 
grade line. A reduction of fuel consumption for automo-
tive vehicles is possible by the rounding of grade line bends 
with the help of the so-called vertex transition curves (that 
is curves with a shared tangent and identical curvature ra-
dius at contact point), instead of the conventional use of 
2nd degree parabolic arcs. 
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2. It also turns out that the type of transition curves 
forming vertical rounding arcs in the proposed approach 
is very important. The most advantageous are polynomial 
transition curves with a smooth and a non-smooth curva-
ture diagram for the maximum possible values of parame-
ters C or D. Cubical parabola give slightly worse results. 
Whereas, it has been proven that the least advantageous 
are polynomial transition curves  for the lowest permissi-
ble values of parameters C or D.

3. The determined fuel consumption indexes apply 
to single vehicles within individual groups of automoti-
ve vehicles. The benefits resulting from this are multiply 
more depending on the higher vehicular traffic volume in 
a given road section. Even if it is assumed that the propo-
sed approach to grade line design will sometimes requi-
re higher costs involved in the implementation of a road 
investment project, it is highly probable that the benefits 
resulting from the reduced fuel consumption and related 
to it, the lower environmental pollution caused by engi-
ne exhaust gases ultimately have a greater importance and 
justify grade line laying out with vertex transition curves.

References

Ahn, K.; Rakha, H.; Trani, A.; Van Aerde, M. 2002. Estimating 
Vehicle Fuel Consumption and Emissions Based on Instanta-
neous Speed and Acceleration Levels, Journal of Transporta-
tion Engineering 128(2): 192−190. 

 http://dx.doi.org/10.1061/(ASCE)0733-947X(2002)128:2(182)
Bastani, P.; Heywood, J. B.; Hope, C. 2012. The Effect of Uncer-

tainty on US Transport-Related GHG Emissions and Fuel 
Consumption Out to 2050, Transportation Research Part A 
46(3): 517−548. http://dx.doi.org/10.1016/j.tra.2011.11.011

Fulczik, A. G. 1975. Die kubische Funktion als Trassierungsele-
ment im Aufriß [The Cubic Function as a Vertical Alignment 
Element], Die Straße 15(2): 52−54. 

Fulczik, A. G. 1977a. Funktionen für Trassen (FUT) [Functions 
for Routes], Die Straße 17(1): 9−14. 

Fulczik, A. G. 1977b. Trassenausgleich nach Spline-Algorithmen 
(TRANSA) [Alignment with Spline-Algorithms], Die Straße 
17(2): 65−67. 

Grabowski, R. J. 1984. Gładkie przejścia krzywoliniowe w drogach 
kołowych i kolejowych [Smooth Curvilinear Transitions in 
Roads and Railways], Zeszyty Naukowe AGH, Geodezja 82, 
Cracow. 126 p. 

Jakimavičius, M.; Burinskienė, M. 2014. Assessment of Vilnius 
City Development Scenarios Based on Transport System 
Modelling and Multicriteria Analysis, Journal of Civil Engi-
neering and Management 15(4): 361−368. 

 http://dx.doi.org/10.3846/1392-3730.2009.15.361-368
Kobryń, A. 1999. Geometryczne kształtowanie krzywoliniowych 

odcinków niwelety tras drogowych [Kobryń A. Geometric For-
mation of Curvilinear Sections of Vertical Alignment] Roz-
prawy Naukowe 60. Białystok: Wydawnictwa Politechniki 
Białostockiej, 174 p. ISSN 0867-096X. 

Kobryń, A. 2002. Wielomianowe krzywe przejściowe w projekto-
waniu niwelety tras drogowych [Kobryń A. Polynomial Trans-
ition Curves in the Vertical Alignment]. Rozprawy Nauko-
we 100. Białystok: Wydawnictwa Politechniki Białostockiej, 
126 p. ISSN 0867-096X. 

Kobryń, A. 2009. Wielomianowe kształtowanie krzywych przej-
ściowych [Kobryń A. Polynomial Formation of Transition 
Curves]. Rozprawy Naukowe 167. Białystok: Wydawnictwa 
Politechniki Białostockiej,  59 p. ISSN 0867-096X. 

Kobryń, A. 2011a. Ekonomiczno-geometryczne aspekty projek-
towania łuków pionowych [Kobryń A. Economic and Geo-
metric Aspects of Vertical Curves Design], Drogownictwo 
166(1): 14−20. 

Kobryń, A. 2011b. Polynomial Solutions of Transition Curves, 
Journal of Surveying Engineering 137(3): 71−80. 

 http://dx.doi.org/10.1061/(ASCE)SU.1943-5428.0000044
Kobryń, A. 2014. New Solutions for General Transition Curves, 

Journal of Surveying Engineering 140(1): 12−21. 
 http://dx.doi.org/10.1061/(ASCE)SU.1943-5428.0000113
Mickūnaitis, V.; Pikunas, A.; Mackoit, I. 2007. Reducing Fuel 

Consumption and CO2 Emission in Motor Cars, Transport 
22(3): 160−163. 

 http://dx.doi.org/10.1080/16484142.2007.9638119
Oprešnik, S. R.; Seljak, T.; Bizjan, F.; Katrašnik, T. 2011. Exhaust 

Emissions and Fuel Consumption of a Triple-Fuel Spark-
Ignition Engine Powered Passenger Car, Transportation Re-
search Part D 17(3): 221−227. 

 http://dx.doi.org/10.1016/j.trd.2011.08.002
Várhelyi, A. 2002. The Effects of Small Roundabouts on Emis-

sions and Fuel Consumption: a Case Study, Transportation 
Research Part D 7(1): 65−71. 

 http://dx.doi.org/10.1016/S1361-9209(01)00011-6

Received 27 January 2012; accepted 23 April 2012

http://dx.doi.org/10.1061/(ASCE)0733-947X(2002)128:2(182)
http://dx.doi.org/10.1016/j.tra.2011.11.011
http://dx.doi.org/10.3846/1392-3730.2009.15.361-368
http://dx.doi.org/10.1061/(ASCE)SU.1943-5428.0000044
http://dx.doi.org/10.1061/(ASCE)SU.1943-5428.0000113
http://dx.doi.org/10.1080/16484142.2007.9638119
http://dx.doi.org/10.1016/j.trd.2011.08.002
http://bazy.pb.edu.pl:2204/science/article/pii/S1361920901000116
http://bazy.pb.edu.pl:2204/science/article/pii/S1361920901000116
http://dx.doi.org/10.1016/S1361-9209(01)00011-6

