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1. Introduction

Concrete reinforced with steel bars is widely applied in 
modern construction. Corrosion of steel reinforcement in 
reinforced concrete structures in aggressive environments, 
however, causes serious problems during the service time 
of the constructions. Due to steel reinforcement corrosion, 
the service time of concrete constructions such as bridges 
shortens and the maintenance costs increase. Concrete 
bridge decks deteriorate more and faster than the other 
parts due to direct impact of the environment, moisture, 
freeze thaw cycles, de-icing salts, increasing traffic loads.

In order to avoid the problems caused by the corro-
sion, concrete constructions reinforced with steel rein-
forcement should be additionally protected from the fac-
tors causing corrosion or constructions can be reinforced 
with non-corroding reinforcement. As an alternative to 
steel reinforcement, FRP (fibre-reinforced plastic) rein-
forcement can be used (Bouguerra et al. 2011; Dang et al. 
2014; Hassan et al. 2000; Matta, Nanni 2009).

Numerous studies on application and use of fibre 
reinforced polymers (FRP) in construction elements have 
been conducted. Additionally to reinforcement bars, wires 
and ropes, FRP can be used in the form of strips, sheets 
and lamellas. FRP reinforcement can also be applied not 
only for reinforcing new concrete constructions as inter-
nal reinforcement, it can also be used in strengthening the 
structures as external reinforcement (Aktas, Sumer 2014; 

Barris et al. 2012; Benzaid, Mesbah 2014; Daugevičius et 
al. 2012; Fayyadh, Razak 2014; Lale Arefi et al. 2014; Lap-
ko, Urbanski 2015; Marčiukaitis et al. 2007; Meisami et al. 
2013; Mostofinejad, Ilia 2014; Mostofinejad, Moghaddas 
2014; Nelson, Fam 2014; Pakrastinsh et al. 2006; Serdjuks 
et al. 2003; Skuturna, Valivonis 2014a; Sprince et al. 2013; 
Sundarraja, Prabhu 2013; Szolomicki et al. 2015; Valivonis 
et al. 2014). FRP reinforcement, as compared to steel, is 
lighter, resistant to corrosion, has a higher tensile strength, 
and is transparent to magnetic fields and electrically non-
conductive. FRP reinforcement bars are made from glass, 
aramid and carbon fibres are connected with epoxy resin, 
polyester and vinyl-ester. New generation FRP reinfor-
cement in some countries is certified and meets the set 
standards. FRP reinforcement bars allow for handling the 
problems caused by reinforcement corrosion.

A bridge deck forms the driving surface and performs 
as a structural bending element. If FRP reinforcement 
bars are used in bridge decks, their service time, resistance 
to aggressive environment increase and the maintenance 
costs decrease. Published design recommendations and 
codes allow using FRP reinforcement in bridge decks and 
girders as the main reinforcement. 

Long-term bridge studies, observations and ins-
pections have been performed and results generated. The 
results show that deflections, cracking mode and defor-
mations of concrete bridge decks reinforced with FRP 
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reinforcement bars are almost the same as those of the 
decks reinforced with steel reinforcement. It has also been 
found out that decks reinforced with FRP work very well 
in an aggressive environment, freeze thaw cycles, sharp 
temperature fluctuations, de-icing salts, intensive traffic. 
No additional cracks or their development in concrete 
constructions have been noticed under such complicated 
conditions. It has neither been noticed that FRP reinforce-
ment would be damaged by aggressive effects.

FRP reinforcement module is relatively smaller than 
that of the steel, therefore, it is expected that concrete 
bending elements reinforced with FRP bars will deflect 
more than the ones reinforced with steel reinforcement.            
However, field tests of functioning bridges show that with 
a proper design of constructions, their deflections do not 
exceed the permissible ones. Deformability is influenced 
by the strength of concrete, the height of cross-section, 
the percentage of reinforcement (Benmokrane et al. 2004; 
Benmokrane et al. 2006; El-Ragaby et al. 2007). 

Bridge decks are exposed to repeated transport loads; 
therefore, their failure due to fatigue is possible. Bridge 
decks reinforced with FRP reinforcement bars have a bet-
ter fatigue performance and a longer fatigue life than the 
decks reinforced with steel reinforcement bars. This can be 
explained by the fact that FRP reinforcement and concrete 
elasticity modules are closer as well as the fact that FRP 
reinforcement is linear-elastic up to failure.

Designing of bridge decks and load carrying capacity 
calculations can be done using different design norms. The 
essence of methods provided in design norms is to solve 
two balance equations. These equations are a sum of cross-
section forces and moments. Ways of calculating the load 
carrying capacity differ in defining the reinforcement per-
centage and the failure mode, description of the stress-strain 
curve of concrete in compression, the ultimate strains of con-
crete, additional coefficients and calculation assumptions.

2. Analysis of design methods

The research is based on three calculation methods for ul-
timate moment resistance. These methods are provided in 
design codes (fib Bulletin No. 40. FRP Reinforcement in RC 
Structures – further in text FIB; Guide for the Design and 
Construction of Structural Concrete Reinforced with FRP 
Bars, ACI 440.1R-06 – further in text ACI; Reinforcing Con-
crete Structures with Fibre-Reinforced Polymers. Design Man-
ual No. 3, Version 2, ISIS Canada – further in text ISIS).

There are a few assumptions on which calculation 
methods are based:

 − sections of an element are plane before and after 
loading;

 − the ultimate compressive strain of concrete εcu is 
0.0035 according to FIB, ISIS and for ACI is equal 
to 0.003;

 − the linear behaviour of FRP reinforcement up to 
failure;

 − the bond between concrete and FRP reinforcement 
is perfect;

 − the tensile concrete performance is ignored.
There are three modes of flexural failure of concrete 

elements reinforced with FRP. The first is balanced failure 
when FRP reinforcement ruptures and concrete crushes at 
the same time. The second is compression failure when con-
crete crushes before FRP reinforcement reaches its ultimate 
strain. And the last way of failure is governed by FRP rup-
ture before concrete crushing. According to design codes, 
the ultimate moment resistance is calculated assessing the 
failure mode. It is possible to determine the failure mode 
when the reinforcement ratio ρf of FRP reinforcement is 
compared to the balanced reinforcement ratio ρfb. The ba-
lanced reinforcement ratio is based on the equilibrium of 

Fig. 1. Bridge cross section

Fig. 2. Design scheme: a – deck cross section; b – strain 
distribution at compression failure condition; c – design stress 
distribution at compression failure condition; d – strain distribution 
at tension failure condition; e – design stress distribution at tension 
failure condition for FIB, f – for ACI, g – for ISIS
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internal forces and can be expressed for FIB as Eq (1), for 
ACI as Eq (2), for ISIS as Eq (3).

 ,  (1)

 , (2)

 , (3)

where fck – the characteristic compressive strength of 
concrete, MPa; εcu – ultimate concrete compressive 
strain; ffk – the characteristic tensile strength of FRP re-
inforcement, MPa; ffu – the ultimate tensile strength of 
FRP reinforcement, MPa; Ef – elastic modulus for FRP, 
MPa;  – the compressive strength of concrete MPa; α1 
and β1 – stress block factors.

The design scheme is presented in Fig. 1. The flexural 
concrete element will fail due to concrete crushing if 
ρf > ρfb. When, according to FIB, the ultimate resistance 
is calculated by equation:

 , (4)

where fcd – the design compressive strength of concrete, 
MPa; b – the width of the element, m; d – the effective 
depth of the cross-section, m; η and λ – stress block factors 
according to Eurocode 2; ξ – ratio of neutral axis depth to 
the effective depth.

 . (5)

The strain in FRP reinforcement is calculated:

 , (6)

 , (7)

where ff – the stress of FRP reinforcement, MPa; ffd – the 
design tensile strength of FRP reinforcement, MPa.

According to ACI, the ultimate moment is calculated 
by Eq (8) when failure of concrete element is initiated by 
concrete crushing.

 , (8)

, (9)

where ffu – the ultimate stress of FRP reinforcement, MPa.
ISIS presents Eq (10) for ultimate moment calcu-

lation when failure is governed by concrete crushing.

 . (10)

The depth of neutral axis is calculated as follows:

 , (11)

 , (12)

where Af – the cross-sectional area of FRP reinforcement, m2.
The flexural concrete element will fail due to FRP rup-

turing if ρf > ρfb. At this state calculation of the ultimate 
moment differs from the one mentioned above because the 
concrete compressive strain εc is unknown.

When calculations are done according to FIB, the ul-
timate moment is calculated by Eq (13):

 . (13)

The depth of neutral axis is solved by Eqs (14)–(15):

 , (14)

 . (15)

According to ACI, the calculation of ultimate mo-
ment is done in a simplified way when failure is due to 
FRP rupture:

 , (16)

 , (17)

where εfu – the ultimate strain of FRP reinforcement.
According to ISIS, the calculation of the ultimate mo-

ment is based on the iteration process Eq (18) to assume 
the depth of the neutral axis x. The stress block parameters 
α and β can be found in the tables of code. The ultimate 
moment is calculated by Eq (19).

 . (18)

 . (19)
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3. Database and statistical analysis

There were collected 127 experimental results of concrete 
elements reinforced with FRP bars. Also, a database was 
created for statistical analysis. All elements included into 
the database were of rectangular cross-section and tested 
in four-point bending. No additional preloading or dam-
aging was applied to the elements before tests. The failure 
modes of tested elements were concrete crushing or FRP 
reinforcement rupturing. 

Table 1 provides the dimensions of the tested ele-
ments, properties of materials, experimental ultimate mo-
ment Mexp and the ratios of experimental and theoretical 

results , , .

The results of the ultimate moment calculation show 

that the mean and variation coefficient of the ratio  

according to the FIB is 0.95 and 15.6%, according ACI is 
1.07 and 14.9%, according ISIS is 1.05 and 14.7%. It is dif-
ficult to state the accuracy and relevance of calculation 
methods from results which are given in Table 1 and Fig. 3.

Fig. 3. Results of experimental and calculated ultimate moments

Table 1. Database of concrete elements with FRP reinforcement; results of experimental and calculated ultimate moments 

Ref. No. Element 
code

h, 
mm

b, 
mm

fc, 
MPa

ffu, 
MPa

Ef, 
GPa

Af, 
mm2

Mexp, 
kNm

MFIB, 
kNm

MACI, 
kNm

MISIS, 
kNm

1
1 A1 200 150 46.2 1506 50 177 22.8 27.2 0.84 21.5 1.06 24.3 0.94
2 B1 200 150 46.2 1506 50 265 23.6 32.4 0.73 25.5 0.92 28.8 0.82
3 C1 200 150 46.2 1506 50 353 28.1 32.4 0.87 25.5 1.10 28.7 0.98

2
4 B 210 200 31 700 36 1134 36.5 44.0 0.83 37.8 0.97 40.1 0.91
5 C 260 200 31 886 43 507 48.1 56.1 0.86 48.1 1.00 51.6 0.93
6 D 250 200 41 700 36 1134 54.0 73.8 0.73 60.1 0.90 65.7 0.82

3

7 II 210 200 31.3 700 36 1134 34.2 44.3 0.77 37.9 0.90 40.3 0.85
8 III 260 200 31.3 886 43 507 45.1 56.4 0.80 48.3 0.93 51.9 0.87
9 IV 300 200 40.7 700 36 567 59.2 79.9 0.74 65.2 0.91 72.0 0.82

10 V 250 200 40.7 700 36 1134 57.0 73.5 0.78 60.0 0.95 65.5 0.87

4

11 BG1a 250 150 47.7 665 43 143 17.3 19.8 0.87 19.4 0.89 19.9 0.87
12 BG1b 250 150 47.7 665 43 143 17.1 19.8 0.87 19.4 0.88 19.9 0.86
13 BG2a 250 150 47.7 620 42 253 30.9 31.3 0.99 29.0 1.07 30.7 1.01
14 BG2b 250 150 47.7 620 42 253 29.8 31.3 0.95 29.0 1.03 30.7 0.97
15 BG3a 250 150 46.5 670 42 1140 43.0 46.3 0.93 41.2 1.04 42.8 1.01
16 BG3b 250 150 46.5 670 42 1140 45.0 46.3 0.97 41.2 1.09 42.8 1.05

17 BC1a 250 150 55.4 1450 133 95 28.3 28.4 1.00 27.8 1.02 28.7 0.99
18 BC1b 250 150 55.4 1450 133 95 29.8 28.4 1.05 27.8 1.07 28.7 1.04
19 BC3a 250 150 51.8 1475 119 380 47.1 58.3 0.81 51.4 0.92 53.8 0.88
20 BC3b 250 150 51.8 1475 119 380 47.8 58.3 0.82 51.4 0.93 53.8 0.89
21 SG1a 120 500 51 600 39 158 7.8 8.4 0.92 8.1 0.96 8.4 0.92
22 SG1b 120 500 51 600 39 158 6.8 8.4 0.81 8.1 0.84 8.4 0.81
23 SG2a 120 500 46.2 665 42 357 15.1 18.5 0.82 16.5 0.92 17.4 0.87
24 SG2b 120 500 46.2 665 42 357 16.9 18.5 0.91 16.5 1.02 17.4 0.97
25 SG3a 120 500 45.9 670 42 1425 23.5 28.4 0.83 25.3 0.93 26.3 0.89
26 SG3b 120 500 45.9 670 42 1425 23.8 28.4 0.84 25.3 0.94 26.3 0.90
27 SC1a 120 500 50.1 1450 133 127 14.3 15.6 0.91 15.3 0.93 15.8 0.90



26 T. Skuturna, J. Valivonis. Evaluation of Calculation Methods Used for Estimating...

Continued Table 1

Ref. No. Element 
code

h, 
mm

b, 
mm

fc, 
MPa

ffu, 
MPa

Ef, 
GPa

Af, 
mm2

Mexp, 
kNm

MFIB, 
kNm

MACI, 
kNm

MISIS, 
kNm

4
28 SC1b 120 500 50.1 1450 133 127 14.1 15.6 0.90 15.3 0.92 15.8 0.89
29 SC3a 120 500 49.8 1475 119 507 23.0 31.3 0.73 27.7 0.83 28.9 0.79
30 SC3b 120 500 49.8 1475 119 507 26.7 31.3 0.85 27.7 0.96 28.9 0.92

5

31 C1212D1 190 140 32.1 1353 63 226 24.0 21.9 1.09 19.6 1.23 20.6 1.17
32 C1216D1 190 140 32.5 1015 65 402 29.6 26.9 1.10 23.9 1.24 25.0 1.19
33 C1316D1 190 140 32.4 1015 65 603 31.4 30.7 1.03 27.3 1.15 28.3 1.11
34 C1212D2 190 160 32 1353 63 226 21.6 19.3 1.12 17.2 1.26 18.1 1.20
35 C1216D2 190 160 31.7 1015 65 402 24.2 23.2 1.04 20.7 1.17 21.6 1.12
36 C1316D2 190 160 31.8 1015 65 603 27.7 26.6 1.04 23.7 1.17 24.6 1.13
37 C2212D1 190 140 59.8 1353 63 226 38.2 31.7 1.21 25.0 1.53 28.1 1.36
38 C2216D1 190 140 56.3 1015 65 402 45.1 38.2 1.18 30.4 1.48 33.6 1.34
39 C2316D1 190 140 55.2 1015 65 603 49.4 43.7 1.13 35.0 1.41 38.3 1.29
40 C2212D2 190 160 39.6 1353 63 226 27.7 22.0 1.26 19.0 1.46 20.3 1.37
41 C2216D2 190 160 61.7 1015 65 402 42.2 34.8 1.21 27.4 1.54 30.8 1.37
42 C2316D2 190 160 60.1 1015 65 603 43.2 40.1 1.08 31.6 1.37 35.1 1.23

6
43 R/C-2 350 200 40.5 1060 200 226 57.3 69.2 0.83 63.1 0.91 69.5 0.83
44 R/C-4 350 200 40.5 1060 200 452 124.6 126.4 0.99 126.1 0.99 128.7 0.97

7

45 2 200 150 32.56 650 38 57 5.9 5.8 1.01 5.6 1.05 5.8 1.01
46 4 250 150 32.56 650 38 57 7.9 7.6 1.03 7.3 1.07 7.6 1.03
47 6 300 150 32.56 650 38 57 10.8 9.5 1.14 9.0 1.19 9.5 1.14
48 8 200 150 58.93 650 38 57 5.9 5.9 1.00 5.7 1.04 5.9 1.00
49 10 250 150 58.93 650 38 57 9.5 7.7 1.23 7.4 1.29 7.7 1.23
50 12 300 150 58.93 650 38 113 16.8 18.8 0.89 18.2 0.92 18.8 0.89

8

51 GB5 250 150 31.2 1000 45 429 40.3 35.5 1.14 32.7 1.23 38.3 1.05
52 GB9 250 150 39.8 1000 45 429 39.7 39.8 1.00 36.0 1.11 43.5 0.91
53 GB10 250 150 39.8 1000 45 429 39.5 39.8 0.99 36.0 1.10 43.5 0.91
54 GB13 250 150 43.4 1000 45 286 34.7 35.3 0.99 31.6 1.10 38.7 0.90

9
55 BGR1.1 180 130 40 647 36 142 13.9 13.2 1.05 12.4 1.12 13.1 1.06
56 BGR2.1 180 130 40 647 36 142 13.8 13.2 1.04 12.4 1.11 13.1 1.05
57 BGR3.1 180 130 40 647 36 142 13.8 13.2 1.04 12.4 1.11 13.1 1.05

10

58 CB2B-1 300 200 52 773 38 349 57.9 66.9 0.87 62.9 0.92 64.8 0.89
59 CB3B1 300 200 52 773 38 523 66.0 95.4 0.69 75.0 0.88 76.8 0.86
60 CB4B-1 300 200 45 773 38 697 75.4 89.2 0.85 71.1 1.06 69.9 1.08
61 CB6B-1 300 200 45 773 38 1046 84.8 105.1 0.81 83.7 1.01 81.6 1.04

11

62 C1-4 300 200 40.4 1506 114 284 71.2 89.2 0.80 72.9 0.98 69.6 1.02
63 C1-6 300 200 39.3 1506 114 426 83.1 102.9 0.81 84.6 0.98 79.4 1.05
64 C1-8 300 200 39.3 1506 114 568 90.4 114.5 0.79 94.1 0.96 87.4 1.03
65 C2-4 300 200 39.9 1988 122 256 78.8 87.7 0.90 71.9 1.10 68.4 1.15
66 C2-4b 300 200 39.9 1988 122 256 78.2 96.8 0.81 79.3 0.99 75.6 1.03
67 C2-6 300 200 40.8 1988 122 384 80.9 103.9 0.78 84.7 0.95 80.3 1.01
68 C2-8 300 200 40.8 1988 122 512 89.4 115.7 0.77 94.3 0.95 88.6 1.01
69 G1-6 300 200 39.05 617 40 774 77.5 84.3 0.92 69.4 1.12 65.7 1.18
70 G1-8 300 200 39.05 617 40 1032 86.8 94.3 0.92 77.7 1.12 73.0 1.19
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Continued Table 1

Ref. No. Element 
code

h, 
mm

b, 
mm

fc, 
MPa

ffu, 
MPa

Ef, 
GPa

Af, 
mm2

Mexp, 
kNm

MFIB, 
kNm

MACI, 
kNm

MISIS, 
kNm

11

71 G2-6 300 200 39.05 747 36 678 71.0 76.9 0.92 63.4 1.12 60.3 1.18
72 G2-8 300 200 39.05 747 36 904 84.5 86.4 0.98 71.1 1.19 67.3 1.26
73 AR-6 300 200 39.05 1800 52 426 70.9 75.2 0.94 61.9 1.14 59.1 1.20
74 AR-8 300 200 39.05 1800 52 568 71.8 84.5 0.85 69.6 1.03 66.0 1.09

12
75 F2 185 500 30 600 42 508 36.8 38.4 0.96 36.6 1.01 37.8 0.97
76 F3 185 500 30 600 42 889 60.7 50.7 1.20 45.7 1.33 46.9 1.29

13 77 BRC2 200 120 41.71 1676 136 142 29.2 23.8 1.23 20.5 1.42 26.1 1.12

14

78 B4 152.4 152.4 51.73 1900 140 63 12.6 14.7 0.86 14.7 0.85 14.8 0.85
79 B5 152.4 152.4 48.02 1900 140 63 10.2 14.7 0.69 14.7 0.69 14.8 0.69
80 B7 152.4 152.4 49.3 1900 140 99 17.1 21.8 0.79 17.8 0.96 17.8 0.96
81 B8 152.4 152.4 51.1 1900 140 99 16.9 21.9 0.77 18.0 0.94 18.2 0.93
82 B9 152.4 152.4 53.31 1900 140 99 16.6 21.9 0.76 18.3 0.90 18.5 0.89
83 B12 152.4 152.4 43.88 1900 140 142 17.5 24.7 0.71 19.8 0.89 19.0 0.92

15

84 GB1-1 300 180 35 695 40 253 60.0 44.1 1.36 44.2 1.36 44.3 1.35
85 GB1-2 300 180 35 695 40 253 59.0 44.1 1.34 44.2 1.33 44.3 1.33
86 GB2-1 300 180 35 695 40 380 65.0 60.4 1.08 53.2 1.22 55.5 1.17
87 GB2-2 300 180 35 695 40 380 64.3 60.4 1.06 53.2 1.21 55.5 1.16
88 GB3-1 300 180 35 695 40 507 71.0 62.8 1.13 55.3 1.28 57.5 1.23
89 GB3-2 300 180 35 695 40 507 70.5 62.8 1.12 55.3 1.27 57.5 1.23

16

90 GB1 250 150 30 1000 45 429 37.4 33.5 1.11 30.9 1.21 36.1 1.04
91 GB5 250 150 31.2 1000 45 429 40.3 34.2 1.18 31.5 1.28 36.9 1.09
92 GB9 250 150 39.8 1000 45 429 39.7 38.4 1.03 34.7 1.15 42.0 0.95
93 GB10 250 150 39.8 1000 45 429 39.6 38.4 1.03 34.7 1.14 42.0 0.94

17
94 P4C1 229 179 48 2069 124 219 51.9 57.2 0.91 45.0 1.15 44.6 1.16
95 P8G1 229 179 48 551 41 1077 50.9 65.3 0.78 51.4 0.99 50.3 1.01

18

96 FB2 400 300 30 690 41 265 68.9 62.9 1.10 60.7 1.14 62.8 1.10
97 FB3 400 300 30 690 41 398 111.2 93.1 1.19 91.0 1.22 93.5 1.19
98 FB4 400 300 30 690 41 531 125.9 122.4 1.03 121.3 1.04 123.2 1.02
99 FB6 400 300 30 690 41 796 171.5 178.4 0.96 161.4 1.06 147.0 1.17

100 FB8 400 300 30 690 41 1062 222.6 211.1 1.05 182.0 1.22 164.7 1.35
101 HFB3 400 300 50 690 41 398 93.2 94.2 0.99 92.1 1.01 94.1 0.99
102 HFB4 400 300 50 690 41 531 119.0 124.4 0.96 122.8 0.97 124.7 0.95
103 HFB6 400 300 50 690 41 796 200.5 182.9 1.10 184.2 1.09 185.0 1.08
104 HFB8 400 300 50 690 41 1062 218.0 239.0 0.91 209.6 1.04 212.7 1.03
105 HFB10 400 300 50 690 41 1327 219.4 292.7 0.75 230.3 0.95 232.7 0.94

19
106 ARD11-2S 120 120 32.64 1389 73 190 9.7 9.3 1.04 7.9 1.22 7.1 1.37
107 ARD13-2S 120 120 32.64 1299 74 265 9.9 10.5 0.94 8.9 1.11 7.9 1.26

20 108 B1 250 160 48.2 680 38 339 36.7 35.7 1.03 31.7 1.16 39.5 0.93

21

109 B1 200 150 20 700 41 142 11.7 15.0 0.78 13.8 0.85 11.6 1.01
110 B2 200 150 20 700 41 471 20.0 24.4 0.82 22.0 0.91 17.9 1.12
111 B3 200 150 20 700 41 671 19.7 27.7 0.71 24.9 0.79 19.9 0.99
112 B4 200 150 38 700 41 142 11.5 15.6 0.74 15.5 0.74 15.7 0.73
113 B5 200 150 38 700 41 471 30.1 33.5 0.90 27.7 1.09 26.0 1.16
114 B6 200 150 38 700 41 671 33.4 38.3 0.87 31.7 1.05 29.4 1.13
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For this purpose a statistical analysis is performed to as-
sess the accuracy and relevance of the calculation methods. 
Six data samples were made according to the ratio of FRP 
reinforcement. The size of samples n, the mean, standard de-
viations s, min and max values are provided in Table 2.

Wilk-Shapiro test for a small size sample was applied 
for determination of the distribution of the sample data 
(Shapiro, Wilk 1965). The data has normal distribution if 
the hypothesis is valid:

 W ≥ Wa, (20)

where W – Shapiro-Wilk test value calculated according to 
the Eq (21); Wa – critical value found in tables.

 , (21)

where xi – ratios , ,  of the experimental 

and the theoretical results of the i beam; x – means ,

,  of the ratios of the experimental and the 

theoretical results; n – the size of the sample; when n is 

an even number, ; when n is an uneven number, 

; an–i+1 – coefficient taken from tables (Shapiro, 

Wilk 1965).
Table 2 provides the results of Wilk Shapiro test when 

the significance level is α = 0.05. The test results show that 
the hypothesis is valid and all data have normal distribution.

The analysis of the results shows that the calculated 
and experimental ultimate moments are different. It may 
be stated that the calculated and theoretical results will 
be always different but this difference may be statistically      
negligible (Montgomery, Runger 2002).

The best case is if the means of the ratios 

equals to 1:

 . (22)

A statistical hypothesis is formed to assess a statistical 
significance of the Eq (22):

 , (23)

Continued Table 1

Ref. No. Element 
code

h, 
mm

b, 
mm

fc, 
MPa

ffu, 
MPa

Ef, 
GPa

Af, 
mm2

Mexp, 
kNm

MFIB, 
kNm

MACI, 
kNm

MISIS, 
kNm

22

115 BC2HA 180 130 57.2 773 38 232 19.7 23.3 0.84 18.8 1.05 19.1 1.03
116 BC4HA 180 130 53.9 773 38 464 21.0 23.0 0.91 18.3 1.15 18.3 1.15
117 A2D8-27 400 200 25.1 1415 62 100 55.7 49.2 1.13 48.4 1.15 49.4 1.13
118 A4D8-27 400 200 25.1 1415 62 200 84.5 93.1 0.91 82.2 1.03 73.0 1.16
119 A6D8-27 412.5 200 25.1 1415 62 300 113.4 110.9 1.02 97.8 1.16 86.2 1.31
120 A2D8-45 400 200 45.1 1415 62 100 47.6 49.8 0.96 48.9 0.97 49.8 0.96
121 A3D8-45 400 200 45.1 1415 62 150 81.4 73.9 1.10 73.3 1.11 74.0 1.10
122 A3D10-45 400 200 45.1 1415 62 237 110.1 114.5 0.96 104.6 1.05 104.6 1.05
123 A4D10-45 400 200 45.1 1415 62 316 139.6 148.9 0.94 118.7 1.18 118.2 1.18
124 C2D8-27 400 200 25.1 2542 143 100 98.9 85.8 1.15 85.9 1.15 77.7 1.27
125 C4D8-27 400 200 25.1 2542 143 200 129.8 132.9 0.98 117.2 1.11 102.2 1.27
126 C4D10-27 400 200 25.1 2542 143 316 156.7 159.2 0.98 140.4 1.12 120.9 1.30
127 C5D10-27 412.5 200 25.1 2542 143 395 136.1 173.2 0.79 152.7 0.89 130.6 1.04

Mean 0.95 1.07 1.05
Standard deviation 0.15 0.16 0.15

Coefficient of variation, % 15.6 14.9 14.7
References: 1 – Aiello, Ombres 2000; 2 – Alsayed et al. 1998; 3 – Alsayed et al. 2000; 4 – Al-Sunna et al. 2012; 5 – Barris et al. 2009; 6 – Ashour, Family 
2006; 7 – Ashour 2006; 8 – Duranovic et al. 1997; 9 – Laoubi et al. 2006; 10 – Masmoudi et al. 1998; 11 – Kassem et al. 2011; 12 – Pecce et al. 2000; 13 – 
Rafi et al. 2008; 14 – Thiagarajan 2003; 15 – Toutanji, Deng 2003; 16 – Zhao et al. 1997; 17 – Wang, Belarbi 2011; 18 – Shin et al. 2009; 19 – Sakurada et al. 
2006; 20 – Li et al. 2012; 21 – Mousavi, Esfahani 2012; 22 – Thériault, Benmokrane 1998; 23 – Lee, Kim 2012.



The Baltic Journal of Road and Bridge Engineering, 2016, 11(1): 22–34 29

where  are the means of the ratios , ,

 of the experimental and theoretical results. 

t test can be used when the data has normal distribu-
tion. Hypothesis H0 is rejected and hypothesis H1 is valid 
when:

 . (24)

Table 2. Sample statistics and results of Shapiro-Wilk test

Sample
Element number ρf , % Variable Mean s min max W Wa Distribution

No. Size

1 30

11, 12, 17, 18, 21, 22, 27, 28, 43, 
45, 46, 47, 48, 49, 50, 78, 79, 96, 
97, 101, 117, 118, 119, 120, 121, 
122, 123, 124, 125, 126

0.14–0.44

0.98 0.12 0.69 1.23 0.985

0.927

Normal

1.03 0.13 0.69 1.29 0.981 Normal

1.03 0.16 0.69 1.31 0.971 Normal

2 40

1, 13, 14, 23, 24, 31, 34, 37, 40, 
44, 54, 55, 56, 57, 58, 62, 63, 65, 
66, 67, 73, 75, 77, 80, 81, 82, 83, 
84, 85, 86, 87, 94, 98, 99, 102, 
103, 108, 109, 112, 127

0.50–0.99

0.96 0.17 0.71 1.36 0.942

0.94

Normal

1.08 0.17 0.74 1.53 0.953 Normal

1.05 0.14 0.73 1.37 0.948 Normal

3 28

2, 5, 8, 9, 19, 20, 29, 30, 51, 52, 
53, 59, 60, 64, 68, 71, 74, 76, 
88, 89, 90, 91, 92, 93, 100, 104, 
105, 115

1.00–1.45

0.92 0.16 0.69 1.20 0.930

0.924

Normal

1.06 0.14 0.83 1.33 0.951 Normal

1.01 0.15 0.79 1.35 0.940 Normal

4 10 3, 32, 35, 38, 41, 69, 72, 106, 
110, 113 1.53–1.94

1.01 0.13 0.82 1.21 0.959

0.842

Normal

1.20 0.19 0.91 1.54 0.919 Normal

1.21 0.13 0.98 1.37 0.932 Normal

5 12 6, 10, 33, 36, 39, 42, 61, 70, 107, 
111, 114, 116 2.18–2.87

0.91 0.14 0.71 1.13 0.956

0.859

Normal

1.10 0.18 0.79 1.41 0.963 Normal

1.10 0.15 0.82 1.29 0.929 Normal

6 7 4, 7, 15, 16, 25, 26, 95 3.33–3.93

0.85 0.07 0.77 0.97 0.881

0.803

Normal

0.98 0.07 0.90 1.09 0.943 Normal

0.95 0.08 0.85 1.05 0.910 Normal
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If the variance is unknown, t statistics is calculated:

 , (25)

where  – critical value of the Student’s distribution 

with n–1 degrees of freedom when the significance level 
is α  =  0.05;  – the standard deviations , , 

 of the ratios of the experimental and the theoretical 

results.
The confidence interval is calculated:

 

 
. (26)

Table 3 presents statistical results of testing the hypothe-
sis and confidence intervals when the significance is α = 0.05. 

The analysis of statistical results shows that the ratio 
of experimental and theoretical results only in two samples 
of six, if calculated according to FIB, statistically signifi-
cantly differ from the best case when the ratio of results is 
equal to 1. The differences are statistically negligible in the 
rest of the samples.

The received statistical results are worse when the 
ultimate moment is calculated according to ACI. The 
differences are statistically negligible in three samples. 
The results of the rest of the samples show that the ratios 
of the experimental and theoretical results statistically  
significantly differ from 1. 

Also, a half of the results of testing the hypothesis 
show that the different is statistically significant when cal-
culated according to ISIS.

The received results show that in the first sample the 
difference is negligible when the ultimate moments are 
calculated according to all three methods. In samples 5 
and 6 the experimental and the theoretical results statisti-
cally significantly differ when calculated according to one 
of the three methods. In samples 2, 3 and 4 the different 
statistical negligible when calculations are made according 
to one of the three methods.

It is possible to determine which calculation method 
is more accurate and whether the difference between the 
theoretical results is statistically significant when statistics 
methods are used. For this purpose, a statistical hypothesis 

is created. Hypothesis H0 is valid when the means 

and  are equal. Alternative hypothesis H1 is valid 

then the means are not equal.

 . (27)

Hypothesis H0 will be rejected if:

 . (28)

The degrees of freedom v and t statistic are calculated 
according to Eqs (28)–(29) when the variances of two sam-
ples are unknown and not equal. 

 . (29)

 . (30)

Three samples are analyzed and results are given in 
Tables 4, 5, 6. The analysis of the results shows that the 
difference between theoretical ultimate moments is statisti-
cal negligible in sample 1. There is no statistical difference 
between theoretical results in sample 6 when calculations 
of the ultimate moment are done according to ACI and 
ISIS. However, there is a statistical difference in sample 5 
when FIB and ACI methods are used to calculate the ulti-
mate moments.

In order to determine which calculation method is 
more accurate, it is suggested to calculate the coefficient 
of confidence (Eq (31)) in data samples 1 and 6 when the 
differences between theoretical results are statistically      
negligible (Skuturna, Valivonis 2014b). 

 . (31)
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The coefficient of confidence sets the relation between 
the means of calculation results and the variation coefficients 
because it can be complicated to evaluate the design method 
if they are analyzed separately. The more accurate are the 
theoretical results of the ultimate moments, the closer 

they are to the experimental ones if the coefficient of con-
fidence is closer to 1.

The values of the coefficients of confidence in sam-
ple 1 for FIB, ACI, ISIS methods are 1.36, 1.31 and 1.42 
respectively. In sample 6 the coefficients of confidence for 

Table 3. Results of hypothesis testing

Sample number Variable Mean CV t n–1 H0
95% Confidence interval

lower higher

1

0.98 12.40 0.867 29 2.045 ACCEPTED 0.94 1.03

1.03 12.92 1.270 29 2.045 ACCEPTED 0.98 1.08

1.03 15.89 1.055 29 2.045 ACCEPTED 0.97 1.09

2

0.96 17.30 1.392 39 2.023 ACCEPTED 0.91 1.02

1.08 15.88 3.004 39 2.023 REJECTED 1.03 1.14

1.05 13.64 2.363 39 2.023 REJECTED 1.01 1.10

3

0.92 16.94 2.781 27 2.052 REJECTED 0.86 0.98

1.06 13.38 2.354 27 2.052 REJECTED 1.01 1.12

1.01 14.60 0.214 27 2.052 ACCEPTED 0.95 1.06

4

1.01 13.20 0.132 9 2.262 ACCEPTED 0.91 1.10

1.20 15.50 3.467 9 2.262 REJECTED 1.07 1.34

1.21 10.43 5.214 9 2.262 REJECTED 1.12 1.30

5

0.91 15.11 2.198 11 2.201 ACCEPTED 0.82 1.00

1.10 16.18 1.919 11 2.201 ACCEPTED 0.99 1.21

1.10 13.31 2.382 11 2.201 REJECTED 1.01 1.19

6

0.85 8.79 5.336 6 2.447 REJECTED 0.78 0.92

0.98 6.92 0.761 6 2.447 ACCEPTED 0.92 1.04

0.95 8.05 1.854 6 2.447 ACCEPTED 0.88 1.02
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ACI and ISIS are very similar to each other: ACI – 1.18, 
ISIS – 1.26.

4. Conclusions

1. The performed analysis shows that it is complicated 
to assess the calculation methods only according to the 
means and variation coefficients of calculation results. Sta-
tistical methods such as Wilk-Shapiro, t test are proposed 
to use for assessing the calculation methods of the ultimate 
moment resistance. 

2. According to the experimental results of 127 con-
crete elements in flexure reinforced with fibre reinforced 
polymer bars, a statistical research of calculating methods 
of the ultimate moment was performed. 

3. The statistical research has shown that in half of the 
samples the results significantly differ from the experimen-
tal ones when calculations are performed according to Gui-
de for the Design and Construction of Structural Concrete 
Reinforced with FRP Bars, ACI 440.1R-06 and Reinforcing 
Concrete Structures with Fibre-Reinforced Polymers. Design 
Manual No. 3, Version 2, ISIS Canada. Better results can be 

achieved when calculated according to fib Bulletin No. 40. 
FRP Reinforcement in RC Structures.

4. The research results show that the theoretical re-
sults differ statistically insignificantly from each other 
only in rare samples. When the difference is statistically 
negligible, it is suggested to calculate the coefficient of 
confidence to assess the calculation methods.  The values 
of coefficients of confidence show that the results of the 
ultimate moment resistance are more accurate when cal-
culations are done according to Guide for the Design and 
Construction of Structural Concrete Reinforced with FRP 
Bars, ACI 440.1R-06.
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