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1. Introduction

In the pavement design methodology the typical approach 
is to apply the small deformation theory of elasticity or 
visco-elasticity (Akbulut, Aslantas 2005; Kim 2009). Road 
pavement model in the form of a multi-layered half-space 
with axi-symmetry assumption is solved using analyti-
cal, numerical or mixed (analytical-numerical) methods. 
Some selected components of the stress and strain fields 
at certain points are determined: for example, the value of 
the vertical stress component transmitted to the sub-base 
or the horizontal strain component in the bottom of as-
phalt layers, etc. The material parameters for this calcula-
tions should be adopted on the basis of experimental tests 
carried out in laboratory on samples prepared in labora-
tory or on in situ measurements made using e.g. falling 
weight deflectometer (FWD). The obtained results togeth-
er with the design assumptions for traffic categories pro-
vide a starting point for estimating the fatigue life of the 
road structure. Durability is estimated based on empirical 
equations (Kim 2009) and the results of fatigue tests (Chkir 
et al. 2009; Mangiafico et al. 2015; Matallah, La Borderie 
2009). Fatigue tests are generally carried out on four-point 
bending beams in a displacement control mode specify-
ing function of stiffness modulus as a function of number 
of cycles (Ning et al. 2013; Pronk 2012). These functions 

are determined for a few values of displacements (strain 
in the most distant fibers from the axis of the beam) to 
form the so-called full fatigue characteristic – in case of 
symmetric with respect to zero sinusoidal displacement 
function. Sometimes the term degradation is reserved for 
elasticity properties (Lemaitre, Chaboche 2002), and dam-
age is used for plasticity properties (Lubliner 1990). In this 
paper for both the “degradation” term is used. This paper 
is an extension of the idea shown in conference paper (Ga-
jewski, Jemioło 2010) and presents the influence of deg-
radation not only in the properties of elasticity but also 
plasticity on the nature of the failure mechanism of road 
structure. Degradation of the elastic properties was taken 
into account by the Young’s modulus, and degradation of 
the plastic properties of the material by a cohesion present 
in the formulation of elasto-plasticity with the Coulomb-
Mohr yield condition. This paper presents the study of 
the influence of parameters, such as Young’s modulus and 
cohesion, on structural damage development in the pave-
ment. However, it should be noted that the application of 
the limit analysis in the designing of the road structure 
(that is, in fact, taking into account the plastic or visco-
plastic material properties) seems reasonable, especially in 
relation to the structure composed with the materials de-
graded with respect to their elastic and plastic properties.
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Of course, currently in many finite element method 
(FEM) programs constitutive models taking into account 
the degradation (damage) are available (in most cases degra-
dation is described with scalar parameter (Carol et al. 2001; 
Lemaitre, Chaboche 2002; Sullivan 2008), however, due to 
the fact that the road structures are subjected to a large num-
ber of cycles, it is impossible to carry out numerical calcu-
lations taking into account the entire history of the loading 
(e.g. because of the numerical computation cost, overlapping 
numerical error, etc.). However, this type of calculation can 
be performed for a limited number of cycles to determine 
the qualitative conclusions in relation to the distribution of 
degradation/damage parameter in different pavement lay-
ers, i.e. to determine which of them are the most degraded, 
and which actually are not subjected to degradation. In this 
work, for simplicity in the following calculations it was assu-
med that all pavement layers have been degraded to the same 
extent. Another issue that should be taken into account in 
the calculations together with cyclical nature of the pavement 
loading is the phenomenon of material (structure) adapting 
to repeated load. This type of analysis in relation to the road 
structures has been carried out in (Chazallon et al. 2009) and 
can be also studied in (Lemaitre, Chaboche 2002). 

2. Constitutive relationships for materials modelling

The paper deals with modelling of vehicle wheel interaction 
with pavement of layered construction without taking into 
account a typical contact formulation. The layered struc-
ture of the pavement is modelled as axi-symmetrical and 
load from vehicle is modelled through stress type boundary 
conditions. The problem was formulated with application 
of the large deformation plasticity theory in which a non-
associated flow rule is assumed (Lubliner 1990; Crisfield 

1997; Gajewski, Jemioło 2010). The finite element software 
ABAQUS was used as a tool for solution of the formulated 
task. In applied theory the additive decomposition of total 
strain rate dε into elastic part dεe and plastic (permanent) 
part dεp was used by analogy to classical small deforma-
tion theory of elastic-plastic materials. However, differently 
from classical theory, the strain in current configuration of 
the body is described with logarithm of left stretch tensor V. 
Tensor V results from polar decomposition of F which is a 
deformation gradient tensor with positive determinant (Lu-
bliner 1990). The invariant J = detF < 0 locally characterizes 
material volume changes. Because for considered boundary 
value problem (BVP) strains and local rotations are rela-
tively small than the logarithm from left stretch tensor was 
chosen as a strain measure. Thus, the following decomposi-
tion is assumed:

	 , 	 (1)

where V – left Cauchy’s stretch tensor; Ve – elastic part of 
the left Cauchy’s stretch tensor; Vp – plastic part of the left 
Cauchy’s stretch tensor. 

The elasticity constitutive relationship of linear iso-
tropic materials written in the following form:

	 , 	 (2)

where λ(N), μ(N) – Lame’s constants, as functions of num-
ber of cycles N; Je – determinant of tensor Ve, σ – Cauchy’s  
stress tensor (symmetrical and called “true stress”).

In case of the materials like mineral-asphalt mixes, 
cement concrete and most of the soils the Coulomb-Mohr 
yield condition (CM in Fig.  1) can be assumed valid in 
most cases. In analysed problem also the CM yield con-
dition with hemitropic hardening evolution depending on 
equivalent plastic strains is used (Lubliner 1990). It can be 
written in the following form:

	 ,	  (3)

where (p, q, θ) – three “true stress” tensor invariants ex-
pressed by 

, , , 	 (4)

and  – a cohesion as a function of number 
of cycles and  stands for equivalent plastic strains

. In Eq  (4) s  =  σ  – pI is deviatoric 

part of σ stress tensor and  is a norm of the deviatoric 
part of this tensor. Finally the CM yield condition in an 
invariant form can be written as follows:

	 ,	  (5)Fig. 1. CM yield function and MW flow potential intersections
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where yield condition meridian cross-section depends on 
shear angle ϕ and third stress invariant θ:

. 	 (6)

The plasticity flow function G(σ) (denoted as MW in 
Fig. 1) is a smooth approximation of CM yield condition 
in the form given by (Menétrey, William 1995):

	 	

.		  (7)

The dependence between Rmw(θ, e) and  

thus between meridians of approximation and CM func-
tions written in the following form:

Fig. 2. The geometry of the problem: FEM mesh, layer type          
and thickness and stress type boundary conditions

	

,		    (8)

where ε – function shape parameter with interpreta-
tion shown in Fig. 1; e – parameter defining of approxi-
mation smoothness; ψ – dilatation angle. The parameter 

e is assumed as equal to: . Due to the convexity

assumption of the set bounded with yield condition, the 
following constraints (Menétrey, William 1995): 0.5 < e ≤ 1 
for parameter e have to be satisfied.

Of course there is possibility to use more sophisticated 
constitutive models specially developed for road materials 
(Kim 2009) but in some cases it is difficult to obtain parame-
ters for them. Model presented here needs two parameters for 
elasticity and three (c0, ϕ, ψ) for plasticity. Still there is need 
for Young modulus and cohesion as functions of the number 
of cycles. The first function obtained from the test which in 
the road engineering industry is a standard one (Ning et al. 
2013; Pronk 2012) (4PB, 3PB etc.) but the other is not.

3. Boundary value problem formulation

In the analysed BVP the interaction of wheel with typical 
pavement structure is dealt with (Gajewski et al. 2007; Ga-
jewski, Jemioło 2010). The load from the wheel is modelled 
through stress boundary conditions, and the pavement is 
analysed as an axi-symmetrical layered half space (Fig. 2).

In the analysed problem the wheel loading is applied 
through increasing pressure p0 evenly distributed over cir-
cular sub-region (with the 10 cm radius). In Fig. 2 the con-
stant pressure modelling loading is shown on ED bound-
ary segment. The proper density of the mesh for (FEM) 
solutions was determined on the basis of elasticity task 
correctness of displacement estimation, and also the mod-
elled region of 2.5×2.5 m dimensions seems enough (also 
having in mind that infinite finite elements are going to be 
applied). The mesh in sub-region close to load application 

is much finer than around boundaries where displacement 
type boundary conditions are assumed (AB and BC) and 
also the thicknesses of each layer has influenced somehow 
mesh density. Finally, FEM mesh build from three and four 
node elements (with linear shape functions) consists of 6248 
elements and 6283 nodes. In BVP domain modelling there 
is essential need for usage of infinite finite elements at the 
boundaries (AB and BC) to model real infiniteness of the 
analysed region (Zienkiewicz et al. 1983). The formulated 
FEM task was solved in two steps. In first step (step I) load 
linearly increases to its extreme value p0, while in the follow-
ing step (step II) the pavement is unloaded.

For each pavement layer the material parameters’ val-
ues were assumed on the basis of (Gajewska et al. 2012; 
Gajewski, Jemioło 2010; Raad, Minassian 2005) and are 
shown in Table 1. In constitutive Eq (2) the Lame’s con-
stants appear. For convenience instead of them, having in 
mind the following relationships:

	 , ,	  (9)

Table 1. Values of materials parameters for all pavement layers in its original state (before degradation)

Thickness and material parameters for each layer h, cm E0, GPa ν c0(*), kPa ϕ, deg ψ, deg

(W1) Asphalt concrete wearing layer 5 19.3 0.25 5000 20 15

(W2) Concrete base 7 18.1 0.25 5000 20 15

(W3) Sub-base 20 0.4 0.3 60 45 22.5

(W4) Subgrade improved with cement 215 0.12 0.3 80 15 5
Note: * – strain hardening was taken into account assuming that cohesion value has increased by 10% for equivalent plastic strains increasing to 100%.
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the technical constants E and ν are used.
In Table 1, h stands for the layer thickness, E0 for 

Young modulus before degradation (material in an origi-
nal state) and ν for Poisson ratio. 

The BVP was solved with FEM application for several 
sets of material parameters. Because of the lack of experi-
mental data for multi-axial stress states which are crucial 
to obtain parameters for presented constitutive models, 
some rational assumptions regarding their values have 
been made. In case of elasticity the Poisson ratio was assu-
med as constant and in case of Young modulus for all lay-
ers 50% decrease of its value is assumed. Nevertheless real 

Fig. 3. Normalized Young modulus and normalized cohesion as 
a functions of cycle number in 4PB bending test with sinusoidal 
excitation with constant strain amplitude

Fig. 4. Typical results of the 4PB fatigue results-Young modulus 
norm as a function of cycle number with constant amplitude:      
A – porous asphalt with 50/70 binder 15 Hz in 10 °C, micro-
strain = 350; B ‒ HMA 10Hz in 10 °C, micro-strain = 130

Fig. 5. Contour graph of plastic strain norm  at the end of step 
I for load equal to 6.5 MPa (materials without the influence of the 
degradation)

behaviour of materials is very close to the one presented 
in Fig. 3, thus it is possible to formulate reliable qualitative 
conclusions on that base. Typically for example for asphalt 
mixes the fatigue develops in three phases (Fig. 3) (Chkir 
et al. 2009; Ning et al. 2013). The results of test confirming 
this fact in the case of complex modulus norm is given in 
Fig.  4 for two typical mixtures and in (Chkir et  al. 2009; 
Kim 2009). As there is no results available of the cohesion 
as a function of the number of cycles it assumed that this 
function is analogous to the modulus function.

4. Analysis of the FEM results

For better understanding how layered pavement structure 
works in the elastic-plastic state a contour maps of stress, 
strain and displacement fields are further presented. In 
Fig. 5 the contour graph of plastic strain norm at the end 
of step I for a task with the data as in Table 1, which cor-
responds to non-degraded materials, is presented. Similar 
problem was analysed in case of non-degradated materials 
in work (Gajewski et al. 2007), the load value of 6.5 MPa 
was assumed, which is around ten times more than typi-
cal pavement load (assumed for designing purposes). The 
same value was used, and it naturally means that applica-
tion of real load on non-degraded pavement structure will 
not result in its failure. 

Figure 6 shows various stages of plastic zone develo-
pment for linearly increasing load to a value p0 at the end 
of Step I, and then reducing the load to zero at the end 
of step II. Plastic zone begins to develop at the bottom of 
the layer W3 under the stress boundary condition. Plastic 
zone gradually increases (Fig. 6b) but still remains only in 
the layer of W3. Only when the load achieves the value 
approximately 0.6075 p0 (Fig. 6c) plastic zone extends to 
the lower part of the layer W2. This process proceeds until 
a load equal to about 0.9075 p0 (Fig. 6d) and in the final 
phase the plastic strain appears in W4 layer.

Further, the several boundary value problems were 
solved in which it was assumed that the initial Young’s mod-
ulus decreased by half, and in turn cohesion was equal to: 
0.15, 0.25, 0.35, 0.45, 0.55, 0.65 and 0.75 of the initial cohe-
sion c0. Selected results are presented in graphs in Figs 7–13.

A graph of a minimum (maximum of an absolute val-
ue) of u2 displacement component in point E as a function 
of applied load in steps I (loading) and II (unloading) is 
shown in Fig. 7. A significant increase in irreversible defor-
mation with decreasing cohesion of materials is observed. 
The relationship is strongly non-linear (Mangiafico et al. 
2015). In order to better understand this mechanism an 
extreme vertical displacement at point E was plotted as a 
function of cohesion of the material at a constant value of 
E = 0.5E0. From this graph results that the difference in 
displacement at the end of step II and I is almost constant 
as a function of cohesion. However, the permanent defor-
mation increases rapidly when c < 0.7c0 and for c ≈ 0.2c0 
are several times higher than for non-degraded material.

In order to evaluate the qualitative effect of the deg-
radation on the layered structure behavior in Fig.  9, the 
same way as in Fig. 6, the development of the plastic zone 
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Fig. 6. The development of plastic zone for increasing load (non-
degraded material): a – 0.2075p0; b – 0.4075p0; c – 0.6075p0; d – p0; 
e – unloaded

Fig. 7. Displacement component u2 (in m) in point E as a function 
of pressure p at ED boundary

Fig. 8. The value of the vertical displacement u2 (in m) in point 
E for fully loaded/unloaded pavement as a function of cohesion

for E = 0.5E0 and c = 0.45c0 is shown. At the beginning 
of the step I the development of plastic zone is similar in 
both cases, compare Figs 6a–6c and Figs 9a–9c and differ-
ences are apparent at the end of step II (Figs 6d and 9d). 
In the first case (c = c0) no plastic deformation occurred 
in the layer W1 and in W4 layer only to a small extent. In 
the second case (c = 0.45c0) at the end of step I, the plastic 

deformation appeared in the layer W1 and in W4 layer the 
plastic zone is heavily developed. After unloading of the 
structure, i.e. at the end of Step II in the second case the 
W1 layer is also affected by permanent deformation. 

It can be concluded, that depending on the degree of 
degradation of the material (a change in the cohesion of 
materials for different layers) qualitatively different failure 
modes are observed. It corresponds also with totally differ-
ent permanent deformation (the norm of plastic strain ten-
sor) contour graphs, as shown in Figs 5, 10–11. It is worth 
noting that the 55% reduction in material cohesion causes an 
extreme increase in permanent strain norm by almost 500%. 
However, the displacement vector norm increases by an or-
der of magnitude only (Fig. 12). Analysing the Mises equiv-
alent stresses contour graph presented in Fig. 13, it is clear 
that residual stresses accumulated after loading beyond the 
plasticity limit in case of more degraded material have more 
substantial influence on overall capacity and initiated the de-
terioration not only the W2 layer but also W1 layer.

5. Limit analysis – parametric study

In case of the analysed BVP, the parametric study of the 
influence of degradation ratio of elastic (Young modulus) 
and plastic (cohesion) material properties on the bearing 
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Fig. 9. The development of plastic zone for increasing load 
(degraded material i.e. E = 0.5E0 and cohesion c = 0.45c0):                
a – 0.2075p0; b – 0.4075p0; c – 0.6075p0; d – p0; e – unloaded

capacity (load limit value ) of pavement structure was 
carried out. For this purpose in the constitutive model the 
strain hardening in plastic range is neglected, the assumed 
model is called elastic-perfectly plastic. This means that 
the limit state problem is analysed, i.e., the load at which 
the pavement is in failure mode is determined, and hence 
the stress and displacement velocity fields satisfy limit-
analysis theorems (Lubliner 1990). In the present case, this 
leads to creation of a kind of wedge in the loaded region, 
which try to cut layered half space. With such formulation 
of the BVP using the FEM, only the starting point of this 
process specified, as in the following increments in the so-
lution algorithm, even the smallest increase in load causes 
an imbalance of the system. In addition, the problem is the 

Fig. 10. The contour graph of plastic strain tensor norm at the end 
of step II in case of material with E = 0.5E0 according to Table 1 
and cohesions c = c0

Fig. 11. The contour graph of plastic strain tensor norm at the end 
of step II in case of material with E = 0.5E0 according to Table 1 
and cohesions c = 0.45c0

Fig. 12. Contour graph of the displacement vector norm                 
(in m) at the end of the step II, i.e., after unloading of the 
material for E = 0.5E0 according to Table 1 and cohesions                 
a – c = c0, b – c = 0.45c0
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excessive deformation of FEM mesh which also leads to de-
terioration of the numerical solution. 

However, several tasks have been solved with differ-
ent values of parameters c and E (c/c0 ∈ [0.15, 1.00] and 
E/E0 ∈ [0.25, 1.00]). The results are presented in Table 2 
and in Fig. 14. The maximum value of limit load for the 
structure ( =24.3 MPa) in the assumed range of pa-
rameters was received for c/c0  =  1 and E/E0  =  0.5. The 
minimum limit load value was obtained for c/c0  =  0.15 
and E/E0 = 1.00.

Analysing the results presented in Table 2 and in the 
form of a graph in Fig. 14 seen that the value of Young’s 
modulus is of secondary importance in relation to cohe-
sion in determining the capacity of the layered structure. 
For example, change the cohesion from 0.15c0 to c0 re-
sults in more than six-fold increase in capacity. Changes 
in Young’s modulus at a fixed value of cohesion generate 
only a few percent difference in the estimates of the be-
aring capacity of the structure. Interestingly the received 
load function is not uniformly monotonic relative to both 
arguments. There appear situations in which reduction in 
Young’s modulus while maintaining the cohesion of the 
structure gives higher limit load. The fact that the task 
is highly non-linear in this case is clearly revealed. Note, 
however, that these estimates of limit loads for layered 
structure were obtained using the same finite element 
mesh and the same control parameters for incremental al-
gorithm. It is known that in the case of plasticity boundary 
value problems the influence of the mesh quality on the es-
timation of limit load is very significant (difference can be 
as high as several percent). Not without significance is the 
fact of maintaining the same incremental algorithm para-
meters for all tasks.

6. Discussion and final conclusions

Problems connected with the issue of modeling and ra-
tional designing of road structures are still actual. The fact 
was shown in a number of publications (Loizos et al. 2007; 
Scarpas, Shourkry 2002). Separate layers of the road have 
significantly different rheological properties which, to dif-
ferent extent, decide how the structure “works” as a whole, 
(Gajewska et al. 2012; Gajewski et al. 2015). In road de-
signing the solutions of boundary problems of continuum 

mechanics are used more often. Due to using them it is pos-
sible to explain many effects and phenomena developing 
locally in layers of the road. It was shown in (Loizos et al. 
2007; Scarpas, Shourkry 2002; Zbiciak et al. 2016) that 
there is need to consider layered road structure (deform-
able pavement) in a frame of large deformation continuum 
mechanics, but still describing road materials in frame of 
small deformation theory is very complicated task (Chaz-
allon et al. 2009; Kim 2009; Sullivan 2008). Here the the-
ory of large deformation with constitutive equations tak-
ing into account elastic-plastic properties and degradation 
caused by cyclic loading was used. On the basis of on anal-
ysis of the issues presented in this paper it is possible to 
draw the following conclusions:

Fig. 13. Contour graph of the equivalent Mises stresses (in Pa) at the end of the step II, i.e. after unloading of the material for E = 0.5E0 
according to Table 1 and cohesions a – c = c0, b – c = 0.45c0

Table 2. Influence of the degree of degradation of the elasticity 
and plasticity properties on the bearing capacity of the road 
structure (limit load value)

c/c0
E/E0

0.15 0.25 0.35 0.45 0.55 0.65 0.75 1.00

0.25 0.17 0.30 0.42 0.40 0.59 0.68 0.75 0.94

0.50 0.16 0.25 0.40 0.52 0.48 0.70 0.90 1.00

0.75 0.20 0.25 0.37 0.64 0.60 0.76 0.93 0.98

1.00 0.14 0.29 0.41 0.44 0.55 0.70 0.75 0.95

Fig. 14. Influence of the degree of degradation of the elasticity 
and plasticity properties on the bearing capacity of the road 
structure (limit load value)
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1. The proposed method of analysing the layered road 
pavement structure in frame of plasticity theory taking 
into account the degradation of the elasticity and plasticity 
properties is so simple that it could successfully be used in 
pavement design. 

2. For standard arrangement of layers, always extreme 
permanent deformation is localized in the layers of sub-ba-
se or sub-soil, and not in the upper layers of asphalt concre-
te. Only for sgnificant loads the destruction of the surface 
layer can be observed. It should be emphasized, however, 
that with each successive cycle of loading and unloading, 
beyond the yield condition of the individual layers, the en-
largement of permanent deformation zone is observed.

3. Taking into account the degradation of elastici-
ty and plasticity properties has not only the influence on 
reducing limit load, but also changes the nature of the 
structure behavior for next loading. In the case of structu-
res with non-degraded materials the plastic zone starts to 
developed in the sub-base, and never reach the surface lay-
er, and in the case of materials for which the degradation 
is taken into account also surface layers are accumulating 
permanent deformation.

4. In this article it was shown that taking into account, 
even in the simplest manner, the information about the 
degradation of the material in a quantitative and qualita-
tive manner changes the nature of structural damage of 
the road. The aim of further work should be experimen-
tal studies performed on asphalt mixtures for multi-cyclic 
compressive and tensile loads, which can determine the 
cohesion of the material as a function of the number of 
cycles, see Figure 3. It should be noted that currently only 
test in which the complex modulus norm is determined 
as a function of the loading cycles is a standard one which 
is not sufficient to determine the parameters for materials 
plastic behaviour.
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