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Abstract. The composite box girder with corrugated web and steel bottom plate
(CW-SBS) is a kind of improved steel-concrete structures. The design of CW-
SBS box girders needs the accurate method to calculate the working response
and accordion effect in consideration of the self-stress equilibrium condition
of shear lag warping stress and shear deformation. This study proposes the
multi-functional modelling shear lag (MFMSL) method which adopts the four
longitudinal displacement difference functions to model the variation of shear
lag in the CW-SBS box girders with different wing slab widths and thicknesses.
Therefore, MFMSL is a method to calculate the static response and accordion
effect of the CW-SBS composite box girders. Structural differential equations
based on the energy-variation principle present that the MFMSL method
effectively improves the calculating accuracy of the CW-SBS box girder static
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response, which can be verified by both experimental and simulative results.
Also, the MFMSL method demonstrates that the accordion effect of the CW-SBS
box girder is stronger than that of the traditional composite box girder and
closely relates to the load distribution. Hence, the proposed method further lays
the foundation for the analysis and design of CW-SBS box girders.

Keywords: accordion effect, energy-variation principle, improved composite
box girder, MFMSL method, self-stress equilibrium condition, shear lag.

Introduction

So far, the prestressed concrete (PC) box girder has been widely used
in bridge engineering (Gomez et al.,, 2011; Zeying et al.,, 2015; Zhang
et al., 2017), but its mechanical and material defects have gradually
appeared, many PC box girders have stiffness degradation and beam
cracking (He et al,, 2021; Limongelli et al., 2018; Zhao et al., 2022). In
order to weaken the restraint behaviour of flange and web of PC box
girder, French scholars proposed using corrugated steel web instead
of PC box girder web, and took the lead in building a cognac bridge in
1986. Since then, a large number of composite box girder bridges with
corrugated steel webs have been built (Mo et al., 2000; Yong et al., 2012).
For example, Germany built the Altwipfergund Bridge in 2001, Hungary
built the Méra Ferenc Bridge in 2011, Japan built the Yasukawa Bridge
in 2004, and Venezuela built the Caracas Bridge. Besides, the developing
transportation in the world promotes the larger width and span of
bridge deck to achieve greater engineering benefits. Therefore, the box
girder bridge with a multi-box chamber presents a wider application
prospect (Kim et al., 2013; Shen et al., 2018). Since the construction of
the Cognac Bridge in 1986, the multi-chamber composite box girder
bridges have been widely built in highway engineering around the world,
such as the Kurobegawa Bridge completed in 2006.

Particularly, this kind of bridges has been built more in the
infrastructures of China in recent years (Chen et al., 2019; Zhou et
al.,, 2019), such as Shenzhen Nanshan Bridge in 2011 and Shanxi
Yunbao Yellow River Bridge in 2019. In the engineering practice, the
bridge experts gradually realised that the bottom flange (RC slab) of
the traditional corrugated steel web composite box girder should be
replaced by the flat steel plate and could be taken as an improved type
of steel-concrete structures with the advantages such as lighter self-
weight, higher prestressing efficiency, stable mechanical performance
and large span capacity. Particularly, because of the accordion effect
of corrugated steel web, the improved composite box girder with
a double box and a single chamber can effectively avoid the bridge
diseases caused by shrinkage, creep and temperature effect (Zhou et



al., 2016; Elgaaly et al, 1997; Oh et al., 2012). The structural weight is
further reduced by about 50%, when compared with the traditional PC
box girders. The advantage of improved composite box girder is more
conducive to the increasing of the width and span of the composite
girder bridge. The western and coastal areas of China have adopted this
kind of improved simply supported and continuous composite box girder
bridges, for instance, two bridges shown in Fig. 1.

Accordingly, the research on this kind of composite structures also
becomes an important aspect in the field of bridge engineering (He et
al,, 2012; Aparna et al., 2020). In fact, although the improved type of
composite box girders is under construction, the studies on analytical
theories and key technologies still need to be developed to deal with the
problems derived by the specific working characteristics of composite
structures (Deng et al.,, 2021; Jiang et al., 2014). For example, compared
with the traditional composite box girder, the mass of the improved
composite box girder is more in the roof and results in stronger
transverse asymmetry, so that it is necessary to introduce the self-stress
equilibrium condition of the shear lag warping stress. Therefore, this
study establishes the elastic control differential equation of improved
composite box girder considering the accordion effect, Timoshenko shear
deformation and shear lag warping stress self-equilibrium. Then the
static characteristics of improved composite box girders are revealed
through the solution of the control differential equation, which could
provide the reference to the design improvement.

a)

Figure 1. CW-SBS composite box girder at Gansu Province in China:
(a) Terminal 2 connecting line continuous beam bridge at Zhongchuan
Airport, (b) the construction of Dunhuang to Dangjin mountain Expressway
bridge
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1.  Control differential equation and boundary
condition of CW-SBS box girder

The research is carried out through theoretical derivation, numerical
simulation and experimental exploration. Accordion effect, shear lag and
self-equilibrium condition of shear lag warping stress are considered in
the theoretical analysis. The theoretical basis of this paper is more solid.

1.1. Equivalent geometric dimension of steel bottom plate

When the CW-SBS box girder is in vertically bending state, its steel
bottom plate can be converted into the imaginary section area of
tension concrete, i.e., A4 =agA; and ags=Es/E., where E. is the elastic
modulus of concrete slab; Ej is the elastic modulus of steel bottom plate;
A is the cross-sectional area of steel bottom plate. Moreover, due to
the difference between Poisson’s ratios of steel and concrete, the shear
strain energy calculation of the steel bottom plate can be converted into:
Agg = agsAs, 0gs = G/G., where G, and G are the shear modulus values of
concrete slab and steel bottom plate, respectively.

1.2. The longitudinal warping displacement function
for flanges

In order to analyse the mechanical properties of the improved

composite box girder, the local coordinate system with origin 0, 0; and
0, is established (Figure 2a). Figure 2 shows that a CW-SBS box girder

a) Cross section and local coordinate system

b) Coordinate and load system

Qo pi(2) qy(2)
0 L T Q1 z
y

Figure 2. A CW-SBS box girder with corrugated steel webs



with corrugated steel webs yields the flexure response in the y-z plane
under the distributed load (Figure 2b). w(z) and ©(z) are the vertical
deflection of the box girder and the vertical corner of the section;
u1(z), uz(2), uz(z) and uy(z) are the longitudinal displacement difference
functions of cantilever slab (b,), upper flange (b,, b3) and lower flange,
respectively. Correspondingly, the longitudinal displacements U;, U,
U3, and U, are the sum of the box girder flange warping displacements,
Moiuq, Mopus, Mpzuz and Mpuuy, caused by the shear lag effect and the
displacements of rigid section. My, My, Mp3 and My, are the constant
coefficients obtained by the shear lag warping stress self-equilibrium
condition. Thus, the longitudinal displacement at any point on the cross
section of the box girder can be obtained. Based on this aspect, the stress
of the improved composite box girder can be given.

1.3. Total energy in a CW-SBS box girder

Based on the mechanical characteristics of CW-SBS box girder, it is
possible to calculate the total stress values of cantilever slab (part b4),
upper flange (part b;) and bottom steel plate (part by) in consideration
of shear lag and accordion effect. Then, according to the stress
expressions, the total strain energy in the top and bottom flanges can be
calculated:
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According to the shear lag warping stress self-equilibrium condition,
Moy1, Moy, Mp3 and Mp4 can be obtained.
4h, bt 8h,b,t 4h byt —8h,b, 0t
M, =—121h g OBty gy ZThBsts gy TR %Ests
o1 A 02 A 03 A 04 A
Here, I; ~ 114 are the coefficients related to My, ~ Moy, I, b1 ~ b3, t; ~ t4 and
.

The shear strain energy of the CW-SBS box girder is
I
1 ' 2
T, :EJ.GSAS (w'—0)2dz 2)
0

where Ay is the cross-sectional area of corrugated steel webs; G; is the
modified shear modulus of corrugated steel webs.

The external loading-induced potential energy V, can be given by
I

v, ==[ 4, (@w)z - [QW@]g + (M, (2 (2)+ My(2ur ()] +
0

My (205 (2) + M, (2, (2) + M, (20021 3)

Now, the total potential energy of the CW-SBS box girder can be
calculated as follows:

V=V +T,;+V, (4)

where My(z), M;(z), M3(z) and My(z) are the bending moments about
x-axis caused by the shear lag effect of flanges; M,(z) is the axial bending
moment about axis x when the end of the girder has a vertical angle of
0(2); Q(2) and q,(z) are the vertical shear force at the end of the girder
and the vertical distributed force on the box girder; E and G are Young’s
and shear modulus of concrete, respectively; Ay, A, and A3 are the areas
of the cantilever slabs (part by), top slab (part b;), and top slab (part b3)
of the box girder, respectively; A, is the converted area of steel bottom
plate, and A=A, +A,+Az+ Ay I is the moment of inertia of the cross
section about the centroidal x-axis.

1.4. Governing differential equation and its solution
Up to now, according to the principle of minimum potential energy

(6V=0), the governing differential equations and natural boundary
conditions of the CW-SBS box girder can be given as follows.

EI0" + ELu! + Elyu} + El gl + El ) — Gl 1ty =0 (5)
EI,0" + Elou} + ELuj + El,,u) + EI, ju) — Gl .ot =0 (6)
ELLO" + ElLgu{ + El ,u} + Elyu} + EI u) — Gl 3tz =0 (7)



E140" + EL u] + EI, 3l + EI ul + EL,u), — Gl ;,u, =0 (8)
E10" + Elgu + EIu + ELul + Elu} + G, A,(w' —0)=0 9)
A(w"-0)+q, =0 (10)

[ EIs0' + ELyu; + Elgu + El guj + EL yuj, — M1]|§, du,; =0 (11)
[EL0'+ Elgu; + ELu} + EL 5 + ELyu, — M, ]| 8u, =0 (12)
[ELO" + ELguj + Elpuj + Elyuj + Elu; — My ][ 8, =0 (13)
[ELg0"+ Elyyu; + Elyquy + Bl + ELu, ~ M, ]| u, =0 (14)
[GSAS(W'—G)—Q(z)]‘gawﬂ (15)

By means of permutation between the differential Equations (5)-
(10), the equation can be deduced as

L9), RaSi ~RiS; +(R, =S,) e R,S, —R,S; +R,S; —R,S, + R —S; ol
1

R; - S, R, - S,
RS, —R,S, +R.S; — RS (3) RS, —R,S: ul+ R,Ss —R,S, g, =0 (16)
R; - S, R; - S, R; - S,
where Ry ~ Rg; S1 ~ S¢ are the coefficients related to I, Iy ~ I14, Ig1 ~ Iga, E

and G. Let us find the eigenvalues of Equation (16): r;, =3n;, r3 , =1m,,
Is¢ =1ingandr; g =1n,. Then let us obtain the solution of Equation (17).

Uy (z)=cychm, z + c;shn Z + c3cM, Z + €4 ShN, Z + Csch3 Z + Cg shn; Z +
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Further, it is possible to derive the expressions of u;(z), u3(z) and uy(z)
similar to Equation (17). By substituting Equation (17), u,(z), uz(z) and
u4(z) into Equations (5)-(8), the constant coefficients of uy(z), usz(2)
and uy(z) can be deduced according to the identity theorem. Thus, the
solution of u;(z), uz(z) and u4(z) can be given by Equations (18)-(20).
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Substituting the solutions above into Equations (9) and (10), it’s possible
to derive the expressions of 8(z) and w(z).

0(z) =c,F,chm,z + ¢, F;shm; 2 + c3 Fychm, z + ¢ Fy shn, 2 + cg Fochm; z +

-G A
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1 M1 P up
€5 —>SMM3Z + g —-ChyZ + cg —-chM3z + cg —7° +
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Among Equations (18)-(22), By~By;, D;y~D; E;~E; and F;~F; are
the coefficients related to ny~ng4, I, Iy ~Iy and I, ~ Ig4. The arbitrary
coefficients cy,..., c12 are determined using the independent boundary
conditions.

1.5. Common natural boundary conditions

According to Equations (11)-(15), the specific boundary conditions of
the CW-SBS box girder can be set. For the simply supported CW-SBS box
girder, the boundary conditions are as follows:

1. Uniform load.

w(2)[4=0; 0'(2)[§ = 0;u{ ()] = 0; s (2)] = 05 3(2)] = 05 ()| = 0 (23)

2. Concentrated load.
As shown in Figure 3, the adjacent boundary distances to
concentrated force P, are L; and Ly; the subscripts of w(z) and 0(2)

Dk
Z1 Z2
01 ’ ¥ > Z
: AN
Ly | L, |

) | |

\]

Figure 3. The coordinate and load system of a CW-SBS box girder



represent the coordinate system z; or z,. Then, the boundary condition
at point k is

wy (L) =w,(0); wi(Ly)=w3(0); uy1 (L) =uy2(0); ug; (L) =ui,(0);
Uy (L1)=Up2(0); up; (Ly ) =3, (0); uzy (L) = us,(0); uzy (L) = u3,(0);
Uy (L) =uy5(0); uyy (Ly ) =uy,(0); 05 (Ly)=05(0); 0, (L) - 0,(0) = GPZ

s°7s

(24)

2. Experimental and simulative verification
of the MFMSL method

Referring to the actual bridge, the experimental CW-SBS box girder
model is made following the similarity principle, as shown in Figure 4a.
The corrugated steel webs (Figure 4b) and steel bottom plates are
made of high-quality Q345 steel whose Young’s modulus is E;=206 MPa
and Poisson’s ratio is v¢ = 0.26, their thickness is 0.3 ¢cm and 0.4 cm,
respectively. The roof and diaphragm are made of C50 concrete whose
Young’s modulus is E.=34.5 MPa and Poisson’s ratio is v.=0.17, the

a) The layout of strain gauges for mid-span cross section

L 200 2x250 . 2x300 S 2x250 _, 200
= T Lt T T 1
(2X70, 4x60 2x70, 4x60 | 6x80 | 4x60 2x70,  4x60  2x70,
T T T T T T T T T 1
bt
m M m 7
: | = :
! (3] ! 1
= i | i
o [ [ [
| i [
| i [
i i i

3x60 2x70  3x60
- e ey

3x60 2x70, 3x60
P

= Concrete strain gauge = Steel strain gauge

b) Corrugated steel web of model
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c) One half of composite box girder model

(top view) (side view)
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Figure 4. The dimensions and configurations of the CW-SBS model
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average thickness is 5.5 cm, and by = 0.2 m, b, =0.25 m, b3=0.3 m. The
corrugated steel webs connect the upper flange using the embedded
connecting keys, while the lower flange (steel bottom plate) is welded
with corrugated steel webs. The dimensions and configurations of the
CW-SBS box girder are shown in Figure 4. In this analysis, the density
of uniformly distributed load is qi(z) = (11 x9800)/4.5 N/m, and the
concentrated load is Pg(z) =10x9800 N, respectively, as shown in
Figure 5.

The spatial finite element model of composite box girder is
established by using ANSYS software. The top and bottom slabs
use SOLID65 elements; the diaphragm uses SOLID45 elements; the
corrugated steel webs use SHELL63 elements; the top and bottom slabs
are connected with corrugated steel webs by a common joint mode. The
finite element model of the experimental CW-SBS box girder model is
shown in Figure 6.

Here, the accordion effect is presented by the stress difference
between corrugated steel webs and flat steel webs with equal thickness,
and its ratio to the calculated stress of composite box girder with
flat steel webs. The shear lag coefficient is the ratio of the theoretical
value in this paper to the theoretical value of the elementary beam.
Figures 7-9 show the stress distributions of steel bottom plate and

a) Uniformly distributed load b) Concentrated load

Figure 6. The finite element analysis model of the experimental CW-SBS
model



the change of accordion effect under two types of loads. In the vertical
bending state of the model, it can be seen that:

1. The shear lag effect is related to the load distribution. For the
steel bottom plate, the shear lag coefficients at the intersection of the
steel bottom plate and the web and the steel bottom plate centre are
1.25 and 0.28, respectively, the maximum value of the calculated value
of tensile stress is 81.4 MPa and the minimum value is 18.2 MPa under
concentrated load (Figure 7). The shear lag coefficients are 1.01 and
0.97 under uniformly distributed load (Figure 8). This shows that the
stress distribution of steel bottom plate under the influence of shear
lag effect is uneven, and the stress concentration is more serious under
concentrated load, while the stress concentration is relatively small
under uniform load.

2. The accordion effect is also related to the load distribution form.
The accordion effect of steel bottom plate under the uniform load is
15.3%, and the accordion effect is uniformly distributed. While the
accordion effect under the concentrated load is obviously increased
and presents a curve change, the minimum value of accordion effect is
19.4% and the maximum value is 26.3% (Figure 9). Compared with the
composite box girder with flat steel webs, the tensile stress of steel
bottom plate significantly increases due to the influence of accordion
effect. For example, at the intersection of the steel bottom plate and the
web, the accordion effect increases the tensile stress by 26.3% under
concentrated load. Therefore, the designer should pay attention to this
phenomenon.

(e} O
(==} (=]
1 1

N
o
1

(o))
o
1

&Test values

w -
o o
1 1

N
o
1 1

Stress values of steel bottom plate, MPa
S
1
%

[uny
[}

-0.3  -0.2 -0.1 0.0 0.1 0.2 0.3
Traverse coordinates of steel bottom plate, m

Figure 7. The stresses of steel bottom plate under the concentrated load
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3. Similarly, the finite element method (FEM) accordion effect is
presented by the FEM stress difference between corrugated steel webs
and flat steel webs with equal thickness, and its ratio to the FEM stress
of composite box girder with flat steel webs (Figure 9). Compared with
theoretical values under concentrated load, the error of accordion effect
is 7.5% at the centre of the cross section of the steel bottom plate, and
compared with theoretical values under uniformly distributed load, the
error is 7.8%. Moreover, in Figure 8, the stress error between this theory
and the finite element under uniform load is within the range of 4.5%.
Therefore, the theoretical values in this paper are basically consistent

Vs Calculated values of finite element method

; ;/ Calculated values of elementary beam theory
* *\* Calculated values of this paper's theory
* * *
* *

Test values

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Traverse coordinates of steel bottom plate, m

Figure 8. The stresses of steel bottom plate under uniform load

/\\Thcoretlcal values under concentrated load

—Finite element values under concentrated load

Theoretical values under uniformly
~ distributed load
KKK * I I Finite element values under uniformly

03 -02 -01 00 01 02

— distributed load
0.3

Traverse coordinates of steel bottom plate, m

Figure 9. The accordion effect of steel bottom plate

12



with the finite element method, which further proves the effectiveness of
this theory.

Figures 10-11 show the stress distributions of upper flange and the
accordion effect change. It can be seen that:

1. Compared with the steel bottom plate, the accordion effect of upper
flange is reduced, such as 10.5% under the uniform load. Similarly, the
accordion effect of upper flange is closely related to the load distribution,
such as 12.32% at the intersection of upper flange and web, while
22.78% at the transverse centre of upper flange under the concentrated
load (Figure 11). Then, compared with the composite box girder with
flat steel webs, the compressive stress of the CW-SBS box girder at the
intersection of the upper flange and the web is reduced by 12.32%, and
22.78% at the transverse centre of upper flange due to the influence
of accordion effect, which should also attract the attention of bridge
experts.

2. The shear lag effect of upper flange is also reduced. For example,
the shear lag coefficient at the intersection of upper flange and web
is 1.11 under the concentrated load, while the transverse centre of
upper flange is 0.383. The maximum value of the calculated value of
compressive stress is 2.75 MPa and the minimum value is 0.98 MPa
under concentrated load (Figure 10). However, based on the traditional
shear lag theory, the shear lag coefficient of the upper flange should be
the same as that of the steel bottom plate. The self-equilibrium condition
of shear lag warping stress is considered in this paper, and the four
longitudinal displacement difference functions are used to model the
variation of shear lag in the CW-SBS box girders with different wing slab
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widths and thicknesses. Therefore, the calculation accuracy of this paper
is significantly improved.

3. Because the main mass of CW-SBS box girders is concentrated in
the upper part, which makes the neutral axis moved up. Here, the stress
at the transverse centre point of steel bottom plate is 18.6 times as much
as that at the corresponding position of upper flange, and the stress at
the intersection of steel bottom plate and web is 29.6 times as much as
that of upper flange (Figures 7 and 10). The design strength ratio of steel
bottom plate and upper flange material is 12.1 in China, which may lead
to yield failure of steel bottom plates, first. Therefore, this phenomenon

Finite element values under uniformly
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Figure 11. Accordion effect of upper flange
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Figure 12. Deflections for simply supported composite box girder
(concentrated load, Li=L,=2.25m)
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should be considered by the bridge designer, and it is necessary to rely
on prestressed tendons to improve the stress condition of upper flange
and steel bottom plate.

Figure 12 shows the vertical deflection of the experimental CW-SBS
box girder model. It can be seen that the deflection increases slightly
under the influence of shear lag and accordion effect, its influence is not
prominent. For example, the influence of accordion effect on deflection
is about 5.7%, while the influence of shear lag effect is 3.5% under
concentrated load. In other words, the shear lag and accordion effect have
minute effect on the overall stiffness of the CW-SBS box girder model.

Conclusions

1. As shear lag, shear lag warping stress self-equilibrium condition
and accordion effect have been considered comprehensively, the
theoretical basis of this paper is more solid. Moreover, the calculated
results of the MFMSL method are in good agreement with the
numerical simulation and test results, which show that the MFMSL
method is effective. Hence, the MFMSL method presented in this
paper is of high theoretical and practical significance. In particular,
the proposed MFMSL method contributes to the theoretical
foundation for the design of CW-SBS box girder bridge.

2. The study shows that the shear lag effect of CW-SBS box girder is
obvious, and the shear lag effect is related to the load distribution.
Under concentrated load, the shear lag effect of CW-SBS box girder
is more prominent, and the shear lag coefficient at the intersection
of the steel bottom plate and the web is the largest, while the shear
lag coefficient at the centre of steel bottom plate is the smallest.
In particular, compared with the upper flange, the shear lag effect
of steel bottom plate is more significant. This shows that the stress
distribution of steel bottom plate and upper flange under the
influence of shear lag effect is uneven, and the stress concentration is
more serious under concentrated load, while the stress concentration
is relatively small under uniform load.

3. This paper has investigated the accordion effect of CW-SBS box
girder, and the accordion effect of traditional composite box girder
is generally not more than 10%, such as the Cognac Bridge in
France. However, the accordion effect of the CW-SBS box girder is
significantly increased, and the accordion effect is also related to
the load distribution form. Under concentrated load, the accordion
effect of CW-SBS box girder is more obvious. It is particularly
noteworthy that the accordion effect of CW-SBS box girder reduces
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the compressive stress of the upper flange and increases the tensile
stress of the steel bottom plate.

4. The MFMSL method effectively improves the calculating accuracy of
the CW-SBS box girder static response, and the CW-SBS box girder
has the advantages of mechanics and materials. Compared with PC
box girder bridge, the weight of the CW-SBS box girder is further
reduced by about 50% and the steel bottom plate is free from
concrete pouring. Also, the temperature stress, shrinkage and creep
are effectively controlled. In particular, this kind of bridge is more
suitable for the construction of bridges in high-intensity seismic
areas, as well as soft soil and collapsible loess areas. Hence, this study
further presents the good prospects of CW-SBS box girder bridges in
the world.
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